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NGUYEN VI THANH - TRAN MINH CHIEN 


QifcUitfy 

HlNH HOCll 


ODg NHA XUAT BAN 

£5) DAI HOC QUfiC G1A HA NOI 


Dan vj li§n kit: 

Congty*o«i.hoah6og 




&4H/njoO ddur 


QuyS'n sach GIAI BAI TAP HiNH HQC 11 ndy dupe 
biin soan theo cht/ong trinh H'inh hq>c 11 hi$n hinh, 
dUOc trinh biy nhu sau: 

- T6m tit kiin there. 

- Phuong pMp giai Mi t$p. 

- Bii t$p lim thim. 

Nhim giup Me em khdng cd diiu ki$n 6n tip theo 
nhdm cd tii lieu tham khio 6n tip, rin luyin hoic di 
so sinh vdi kit qui tt/ in tip d nhi cua minh. 

Quy thiy cd vi quy phu huynh xem diy nhu tii liiu 
tham khio thim. 

Chung tdi xin chin thinh don nhin y kiin xiy di/ng 
td quy die gii. 


NH6M B1EN SOAN 



Chung / PHEP DOI HlNH VA PHEP DONG DANG 

TRONG MAT PHANG 

■ 


§1. PHEP BIEN HINH 
§2. PHEP TINH TIEN 


A. K|£n THL/C cd BAN 


1 Djnh nghla phep bien hinh 

Quy utc dill tuXfng ufng moi diem M eua mlt phdng vdi mot diem xae dinh 
tiny nhat M‘ eua mat phdng do diroe goi la phep bien hinh trong mat phdng. 

2 Djnh nghla phep tjnh tien 



M’ sao eho MM' = v diTcfe goi la phep tinh lien theo vecui v 

T~(M) = M’ c> MM' ~ v. 

3 Cac tinh chat 

u. Tinh chat 1: Neu T C (M) = M\ T c (N) = N’ thi M T N' - MN v;1 t ii do suy ra 
M’N' = MN. 

/>. Tinh chat 2: Phep tinh lien bien dififng thdng thanh dirtfng thiing song 
song hole trung vdi no, bien doan thdng thanh doan thing King no, bien 
tarn giae thanh lam giac King no, bien di/Ofng iron thilnh duttng tr6n cung 
ban kinh. 


4 Bidu thufc tpa dp 


CJia stir Tg M(x; y) t-» M'(x’; y’). Ta co: 


x - X ta 

,y'-- y f h 


ii = (a; h) 

[y - . 





o 

X 


B PHlfdNG PHAP GIAI BAI TAP 

1 Ohtfng minh rang: M’ -T f (M)« M -T_ ? (M'). 


Cjial 


Ta cd: M = T V -(M) < > MM' v c> M M =- v o M = T f (M') 
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2. Cho lam giac ABC c6 G la Irong lam. Xdcdjnh anh cua lam giac ABC qua 
ph6p tinh lien iheo vcctd AG . Xac djnh di<?m D sao cho phep tjnh ticntheo 
vccld AG bie'n D th&nh A. 

tfiAi 

Difng cdc hinh binh hinh 
ABB'G va ACC'G. Khi d6 anh 
cua lam giac ABC qua ph6p 

tinh lien iheo vectd AG la lam 
gidc GB'C'. 

Difng diem D sao cho A la trung 
diem cua GD. Khi d6 

DA = AG. Do d6 T—(D) = A . 

AG 

3. Trong mat phing loa dp Oxy cho vectd v = (-1; 2), hai diem A3; 5), 
B(-l; 1) va difdng thing d c6 phifdng irinh x - 2y + 3 = 0. 

a) Tim loa do cua cac di^m A', B' the ) ihur ttr la anh cua A, B qua phtp tjnh 
lien iheo v. 

b) Tim loa dp cua dit?m C sao cho A la anh cua C qua phep tinh ti£n thco v. 

c) Tim phifdng trinh cua difdng thing d' la anh cua d qua phep tjnh lien the) v. 

tflal 



Bi£u thtfc toa do cua phdp tinh tien T t la 
a) Toa dp A’ la anh cua A qua T ? la 


x = x + a 


o 


x'-x-l 


[y'-y + b [y' = y + 2 


x A . =x A -1 = 2 


y A ’=yA + ^ - 7 


=> A’(2; 7) 


Ti/dng lif Tj (B) = B'(-2; 3) 
b) A = T ; (C) ^ C = T.5 (A) = ( 4; 3). 


c) GQi M(x; y) lhu$c d, M’ =T 5 (M) = (x*; y’). 


Khi d6 x‘ = x - l, y’ = y + 2 hay x = x’ + 1, y = y‘ - 2. 

Ta c6 M e d « x - 2y + 3 = 0 (x’ + 1) - 2(y’ - 2) + 3 = 0 

o x'-2y’ + 8 = 0 o M' g d' c6 phifdng trinh x - 2y ■» 8 = 0. 
VSy d’ co phifdng trinh x - 2y + 8 = 0. 

4. Cho hai difdng thing a va b song song vdi nhau. Hay chi ra mpt ph6) tjnh 
tien bien a thanh b. C6 bao nhieu phep tjnh lien nhif the? 
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6jiAi 

My hai diem A va B bat ki theo thu' td thuoc a v& b. Khi do phep iinh tien 
theo vectcf AB sc bien a thanh b. Vay co vo so phep tinh lien bien a thanh b. 

C. BAI TAP LAM THEM 

1. Mot hinh binh hanh ABCD co hai dinh A, B co dinh, con dinh C thay doi tren 
mot di/dng tron (O). Tim quy tich dinh D. 

ABCD la hinh binh hanh nen: CD - BA . Phep tinh 
lien T— bien C thay doi tren di/dng tron (O) thi 

quy tich dinh D \h dt/dng tron (O’) anh cua dufrng 
tron (O) qua ph£p tinh tien T— . 

A 

2. Cho hai di/dng tr6n (O) va (O’) va hai diem A, B. Tim diem M tren (O) va 
diem M’ tren (O’) sao cho MM' = AB . 

M can tim \h giao diem (neu co) cua (O’) vdi dtfdng tr6n (0|) anh cua (O) 
qua phep tinh tien AB . 

3. Trong mat ph&ng toa do Oxy cho dtfcfng tron (c) co phddng trinh: 

x 2 + y 2 - 2x + 4y - 4 = 0. 

Tim anh cua (C) qua phep tinh tien vectcf v = (-2; 3). 

PS: (x + l) 2 + (y - 1 ) 2 = 9. 



§3. PHEP DOI XLfNG TRyC 


A. KI^N THCfC CCf BAN 


1. Dinh nghia 


Cho dUftng thing d. Phep bien hinh bien moi 
diem M thude d thknh chinh no, bi^n moi diem M 
khftng thuoc d thknh M' sao cho d lk difdng trung 
true cua doan thing MM’ diAtc goi lk phep doi 
xdhg qua duftng thing d hay phep doi xflhg true d. 

DUftng thing d dutfc goi la true cua phep doi 
xtfng true hokc ddn gian lk true doi xtfng. 

Phep doi xtfng true d thuftng dtfdc ki hieu lk D d . 
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2. Bieu thufc tpa dp 


Bieu thuTc toa d(> cua phep doi xifnc qua true Ox lit ■! 

[y = ~y 


3. Cac tinh chit 

Tinh chat /. Phep doi xiirng true bao loin khoang each gida hai diem hat ki. 
Tinh chat 2: Phep doi xtfng true bien difdng tiling thinh difdng th.tng. bien 
doan thing thinh doan thing bing no, bien tarn giae thinli lam gi.'te King 
no, bien difdng trbn thinh difdng trdn eung ban kinh. 

4. Tim doi xtfng cua iriQt hinh 

Djnh nghla: Difdng thing d dtfdc goi li true doi xdng eua htnh ■'!( ncu phep 
doi xurng qua d bien ■// thinh chinh no. 

Khi do ta noi./Ai htnh ed true doi xdng. 


B. PHl/CJNG phap giai bai tap 


!. Trong mil phing Oxy eho hai diem A( 1; -2) vi B(3; I). Tim anh ciia A, B vi 
difdng thing AB qua phep doi xiirng true Ox. 

Goi A’. B’ lan lifdt li anh eua A, B qua phep doi xiirng true Ox la co: A'( 1:2), 
B ( 3; -1 > 


Phtfdng trinh difdng thilns* A'B' li: 

x-l y-2 x 1 y-2 

3 1 -1-2 C> 2 " 3 


c > 3x + 2y - 7 = 0. 


Difdng thiUg A’B’ la anh eua difdng th;1ng AB qua phep doi xurng true Ox. 

2. Trong mil phing Oxy eho difdng thing d co phutfng trtnh 3x y + 2 = 0. Viet 
phtfdng trinh eua difdng thiing d' li anh eua d qua phep doi xurng true Oy. 

tfiM 


Lay hai diem A((); 2) vi B( 1; -I) thupc d. Goi A' = D (0y ,(A), B' = D (0y ,(B). 
Khi do A'((); 2), B'( l; -1). Vay d* ed phudng trinh ~ - . hay 3x + y 2 = 0. 


CJch khde. Goi M’(x'; y') li anh eua M(x; y) qua phep doi xiirng true Oy Khi 
dd x’ = x vi y' = y. 

Ta co M o d c> 3x - y + 2 = 0 <^> -3x' - y' + 2 = 0 o M thiioe difdng 
thing d' ed phtfdng trtnh 3x + y - 2 = 0. 
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3. Trong cac chuf cai sau. chtf nan la hinh c6 true doi xufng? 


w 

V I E T N A M 

O 

Cac cluT cai V, I. li , T, A, M. W, O la nhufng hinh co true doi xufng. 

C. BAI TAP LAM THEM 

1. Trong mat phfing loa do Oxy, cho ditffng iron CO: (x 1) + (y + 1)' = 4. 

Viet pluftfng trinh anh cua CO qua phep doi xufng co true Ox. 

Dap so: (x 1) -My I ) 2 = 4 

2- Tam giac MND goi la npi ticp trong tarn giac ABC neu ha dinh cua MND 
n;lm Iren ha canh cua tain giac ABC. Hay lim lam giac nqi ticp tam giac 
ABC cho tri/dc sao cho no co chu vi nho nhat. 

'•HssAhg dJln: D la chan ditffng cao A ABC: M, N lan liAft la giao diem cua 
D,Dj vdi AB va BC (vc'fi Dj, D ? la cac diem doi xufng cua D qua AB va BC). 
3. Cho tam giac ABC vdi tru'c tam II. 

a) Chufng minh ring cac di/frng Iron ngoai ticp cac tam giac 11 AB, HBC, 
MCA co han kinh hang nhau. 

h) Goi Oi, 0 : , O* la tam cac difftng iron noi iren. Chufng minh ring dtfttng 
iron di ipia ha diem O,, 0 : , Oihing difdng Iron ngoai ticp tam giac ABC. 

tg iJti: Cac dt/ifng iron ngoai ticp AHAB. AHBC. AHCA co han kinh 
King vdi dift'fng iron ngoai ticp (O) cua AABC do diem doi xufng cua II qua 
cac canh AABC nam tren (O). 
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§4. PHEP DOI XlfNG TAM 


A. KIEN THL/C CO BAN 

1. Djnh nghTa 

Cho di£m I. Phtfp bien hinh bien diem I lhanh chinh n6, bien moi diem M 
khdc I lhanh M' sao cho I la irung diem cua doan thing MM' dtfdc goi la 
phtfp doi xtfng tarn I. 

2. Bieu thtfc tpa d§ cua phep doi xijrng qua goc tpa do 

f — —x 

Cho M(x; y), M' = £> 0 (M) = (x'; y'), khi d6 \ 

[y =-y 

3. Tinh chat 

Tinh chat 1: Ncu £>,(M) = M' va £>,(N) = N' thi M¥ = -MN, tir do suy ra 
M’N’ = MN. 

Tinh chat 2: Phdp doi xtfng tarn bien dtfdng thing lhanh dtfcfng thing 
song song ho3c trilng vdi n6, bien doan thing th&nh doan thing bing no, 
bi£n tarn gidc lhanh tarn giac bing n6, bien dtfdng tr6n thinh dtfflng tr6n 
citng bin kinh. 

4. Tam dtfi xtfng cua m$t hlnh 

Dfnh nghiu: Diem I difdc goi la tam doi xtfng cua hinh »//neu phep doi xtfng 
lam I bi£n-/Ahanh chinh no. 

Khi d<5 ta ndi-j^ia hinh c6 tarn doi xufng. 

B. PHl/CfNG PHAP GIAI BAI TAP 

I. Trong mat phing toa do Oxy cho diem A(-l; 3) va dtfdng thing d c6 phtfdng 
trinh x - 2y + 3 = 0. Tim anh cua A va d qua phtfp doi xufng tam O. 

6jlAi 

Anh cua A qua phep doi xufng tam O la A’( 1; -3). 

Goi M’(x’; y’) la anh cua M(x; y) qua phep doi xtfng lam O. 

Khi do x’ = -x, y’ = -y. 

Ta co M edox-2y + 3 = Oo -x’ + 2y’ + 3 = 0 <=> x’ - 2y’ - 3 = 0 
o M’ thuoc dtfcfng thing d'co phtfdng trinh x - 2y - 3 = 0. 
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2. Trong cac hinh tam giac deu, hinh hinh hinh, ngu giac deu, luc giac deu, 
hinh nao c6 tam doi xufng? 

^Tf/i tit: Hinh hinh hanh va luc gidc deu la nhOfng hinh co tam doi xufng. 

3. Tim mot hinh co vo so tam doi xufng. 

tin: Difclng thing va hinh gom hai dt/dng thing song song la nhufng 
hinh co vo so tam doi xufng. 

c. bai tap lam them 

1. Cho goc xAy va O la mot diem trong goc do. Hay di/ng qua O di/dng thing 
di hai canh Ax, Ay theo thuf tiT tai M, N sao cho O li trung diem cua MN. 

-Hufag Difng diem A’ doi xufng vdi A qua O. Khi do tuT gidc AMA’N li 
hinh hinh hanh. 

2. Difng hinh hinh hanh hiet trung diem ha canh cua no la M, N, P. 

ian: Difng N’ la diem doi xtfng cua N qua trung diem cua MP. 


§5. PHEP QUAY 


A. KIEN THlfC CO BAN 

1. Bjnh nghla 

Cho diem O va goc liTdng giac a . Phep bien 
hinh bien O thanh chinh no, bien moi diem M 
kha r O thinh diem M' sao cho OM* = OM va g6c 
ItAJng gidc (OM; OM') b&ng a dufdc goi la phep 
quay tSm O g6c a . 

Diem O dtfdc goi li tam quay c6n a di/dc goi li goc quay cua phdp quay do. 
Phep quay tam O g6c a thirdng difdc ki hipu li Q (0 a) . 

2. Tfnh chat 

Tt'nh chat I: Phdp quay bio toin khoang cich giffa hai diem bat ki. 

Tinh chat 2: Phep quay hien dufdng thing thinh dtffrng thing, bien doan 
thing thanh doan thing bing no, bien lam giac thanh tam giac bing no, bien 
difcfng iron thinh difcfng tr£>n ciing ban kinh. 


M’ 
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B. PHlfCJNG PHAP GIAI BAI TAP D _C 

1. Cho hinli vuong ABCD lam O. 7 

a) Tim anh cua diem C qua phep quay tarn A n. 7 

goc 90". 7\ 

b) Tim anh cua diritng thdng BC qua phep y \. 

quay tarn O goc 90". - 

A B 

tjiAi 

a) Gqi 0 la diem doi xdng vdi C qua lam D. e_ 0 _ _ C 

Khi do Q (C) = E. X f\ 7 

A. 90 I ' X X / 

b) Q „ (B) =C. Q „ (C) = D. X 

XO.*fV ^(O. SK)‘V \ / X 

Vay anh cua difting thdng BC qua phep quay __X 

lam O goc 90*’ lit (lifting thdng CD. A B 

2. Trong mill phdng loa do Oxy cho diem A(2; 0) va difting thdng d co phifting 
irinh x + y - 2 = 0. Tim anh cua A vit d qua phep quay tarn O goc 90°. 

^ lAl y f 

Gqi B k\ anh cua A qua phep quay 

Q 0 , la co B((); 2); A B Ihuqc d. \ / 

Taco: A’ = Q (() ^ } (B) = (- 2; 0) y C 

Vay anh cua d qua phep quay lam O --► 

goc 90° lit difting thdng BA’ co phifting / X. 

uinh x - y + 2 = 0. \ 

C. BAI TAP LAM TH§M 

1. Cho doan thdng AC va B Iren doan AC (B khac A vft C). Ve cung mqi phfa dti'i 
vtii difting Ihdng AC difng hai lam giac deu ABli vft BCF. Gqi M vi N Ian li/tit 
la tiling diem cua AF va Cli Chtfng rninh ring tarn giac BMN Ift lam giftc d£u. 

iAn: Suf dung phep quay Q(B, - — ). 

2. Cho AABC. Difng cac hinh vuong ABDH vft ACFG sao cho D, C ihutic mill 
phdng doi nhau bti AB, B vft F ihuqc hai niftt phdng doi nhau bti AC. 
Goi M, N Ian Iiftil la trung diem 02 vft BG. Chtfng minh AMN Ift lam giac 
vuong can. 

-Hu&ng iJfn: Stf dung phep quay Q( A, - ~ ). 
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§6. KHAI NIKM V K PHKP DCfl HINH 
VA HA I HINH BANG NHAU 


A. KIEN THL/C CO BAN 

1. Khai nifm ve phep ddi hinh 

Pjnh n^/mi: Phep ddi hinh la phep bien hinh bao loan khoang each gidfa hai 
diem bat ki. 


2. Tinh chat 

Phep dfti hinh: 

1) Bien ba diem lhang hang thanh ba diem lhAng hang va bao loan their iir 
giuTa eae diem; 

2) Bien diftlng lhang thanh dudng thflng, bien tia thanh lia, bien doan thdng 
thanh doan thing bitng no; 

3) Bien tarn giac thanh lam giac bhng no, bien goe thanh goe bang no; 

4) Bien diftlng tron thanh dudng iron eo eung ban kinh. 


3. Khai ni$m hai hinh b£ng nhau 

Pjnh nutria: Hai hinh diftlc gi>i la bang nhau neu eo mol phep dtfi hinh bien 
hinh nay thanh hinh kia. 


B. PHUdNG PHAP GIAI BAI TAP 

1. Trong mat phftng Oxy chocac diem A( 3; 2), B(-4; 5) va C( 1; 3). 

a) Chtfng minh ring eae diem A’(2; 3), B(5; 4) xh C(3; 1) theo thur lif la anh 
cua A, B \ i\ C qua phep quay lam O goe - 90°. 

b) Goi lam gidc A,BjCj la anh cua lam giac ABC qua phep ddi hinh cd diftlc 

b?ing each thtfc hien lien licp phep quay lam O goe -90° va phep doi 
xtfng qua true Ox. 11m u>a do eae dinh cua lam giae A,B,C,. 


tfrfl 

a) Ta eo OA = (-3; 2), 

OA ; = (2; 3) va OA.OA f = 0, 
lif do suy ra goe lifting giae 
(OA; OA’) 2 = 90°. Mat khac, 
OA = OA’ = 4VS . Do do phep 
quay lam O gde -90° bien A 
thanh A*. 

Tiwng itr 6 b!6b : OCOC = 0 
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Vd OB = OB’ = n/TT ; OC = OC’ = \[\Q. 

Do dd Q , „ : BhB'; 

^(0. -yo") 

ChC 

b) Goi tam gidc A|B|C| Id anh cua tam gidc A'B'C' qua phdp doi xtfng true 
Ox. Khi dd A,(2; -3), B,(5; -4), C,(3; -1). 

2. Cho hinh chff nhat ABCD. Goi E, F, H, K, O, I, J lan lt/dt la trung diem cua 
ede canh AB, BC, CD, DA. KF, HC. KO. ChuTng minh hai hinh thang AEJK 
va FOIC bing nhau. 

tflAl A E B 

Gpi G lit trung diem cua OF. Phep doi 
xdng qua durdng thing EH bien hinh thang 
AEJK thdnh hinh thang BEGF. Phep tinh K 
lien theo veetd EO bien hinh thang BEGF 
(Mnh hinh thang FOIC. Nen hai hinh thang 
AEJK va FOIC bing nhau. 

3. Chtfng minh ring: N6u mot phdp ddi hinh bien tam gidc ABC thdnh tam gidc 
A’B'C' thi nd cung bien trong tam cua tam gidc ABC ttfdng tfng thanh bong 
tim cua tam gidc A’B'C'. 

tflal 

Goi phdp ddi hinh do la F. Do F bien ede doan thing AB, BC ttfdng tfng 
thanh ede doan thing A'B', B’C’ nen nd cung bien ede trung diem M, N cua 
ede doan thing AB, BC ttfdng tfng theo thtf ttf thdnh ede trung diem M', N' 
cua ede doan thing A'B', B'C'. Vay F bien ede trung tuy6n AM, CN cua 
AABC ttfdng tfng thdnh ede trung tuy£n A'M’, C'N' cua AA'B’C'. Ttf dd suy ra 
F bi£n trpng tim G cua AABC Id giao cua AM vd CN thdnh trpng tim G’ cua 
AA'B’C' Id giao cua A’M' vd C’N'. 

C. BAI TAP LAM TH£M 

Cho hai hinh thoi ABCD vd A’B'C'D’ cd AC = A’C’, BD = B’D'. Chtfng minh 
ring hai hinh thoi dd bing nhau. 

Goi O vd O’ lin ltf^t Id tim cua hai hinh thoi ABCD vd A’B'C’D’. Ro ring 
hai tam gidc OAB vd O’A’B’ bing nhau ndn cd phdp ddi hinh F bien 0, A, B 
lin ltfdt thdnh O’, A’, B’. Vi F bao t6n khoang edeh vd thtf ttf cua ede diem 
nen F bien C thdnh C’, D thdnh D’. Vay F bien ABCD thdnh A’B'C’D'. nghla 
Id hai hinh thoi dd bing nhau. 
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A. KI6'ni THlTC cd BAN 


§7. PHEP VI Tl/ 


1 Djrh nghia 

Ch) diem O vh so k * 0. Phep bien 
him bien moi diem M thanh diem M’ 

sac cho OM' = k.OM di/dc goi la 
phep vj tif tarn O, ti so k. 

Phep vi tir tarn O, ti so k thiTcfng dt/dc 
kifieu 14 V (0k) . 

2. Tinichat 

Tim chat I: Neu ph«5p vi tif li so k hien hai diem M, N tuy y theo thtf tif 
thaih M', N' thi MW = k.MN v4 M'N' = Ikl.MN. 

Tint chat 2: Phep vi tif li so k: 

a) Bien ba diem thing hang thanh ha diem thing hang va bao to4n thd tif 
jiffi'a c4c diem ay. 

b) Bien dt/dng thing thanh dt/dng thing song song ho4c trimg vdi no, bien lia 
na nh tia, bien doan thing thanh doan thing. 

ci Bien tam giac thanh tarn giac dong dang vdi no, bien g6c thanh g6c blng n6. 
d) Bi£'n difdng trdn b4n kinh R th4nh difdng trdn ban kinh IkIR. 

3. Tan vj ti/ cua hai difdng trdn 

Djnt Hi: Vdi hai difdng trdn bat ki luon c6 mot phep vj tif bien difdng trdn 
n4ythi4nh dt/dng trdn kia. 

Tan ciua phdp vj tif dd dt/dc goi 14 tain vi tir cua hai difdng trdn. 

B. PHlCflNG PHAP GIAI BA I TAP 

1. Cholaim gi4c ABC cd ba gdc nhon v4 H 14 trife t4m. Tim 

anh.Uia tam gilc ABC qua phep vj tif tam H, ti so ^ • 

CjUt 

•* 

Anh cilia A, B, C qua phep vi tir 
V , lan lifdl la trung diem cua 

[ H V 

cac(amh HA JIB, 11C 

vi HV =-HA ; Hlf’ - 1 HB ; HC 1 HC 
2 2 2 




e 


c 
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Khi do OM ; kOM , OM" pOM ; pkOM. Tit do suy ra M" = V (0pk ,(M). 
Vay ihifc hicn lien licp hai phep vj nr V ((U) va V (G p) se duVJc phep 
'! M V ,(».pk,- 

c. bai tap lam them 

Clio hai ditffng iron (()) va (O') to ban kinh khac nhau licp xuc ngoai vdi 
nhau ufi mol diem M Iren (O). Difng mol dift'fng Iron di qua M va licp xuc 
vdi hai discing Iron (O) va (O’). 

ian: Xel phep vi lif V lam 1 li so •- bien (O) lhanh (O') (I la giao 
diem MN vdi OO). 


>8. PHEP DONG DANG 


A KIEN THLfC cd BAN 

1. Dinh nghia 

Phep bien hinh ! : duVfc goi la phep dong dang li so k (k > 0), ncu vdi hai 
diem M, N hai ki va anh M\ N’ iirdng tfng cua ehung la luon co M'N* = kMN. 

2. Tlnh chat 

Phep dong dang li so k: 

a) Bien ba diem ihfmg hang lhanh ba diem ihang hang va bao loan ihuT li/ 
giffa cac diem ay. 

b) Bien dirdng lining lhanh diTdng lining, bien lia lhanh lia, bien doan ihSng 
lhanh doan lining. 

c) Bien lam giac lhanh lam giac dong dang vrti no. bien goc lhanh goc b&ng no. 

d) Bien duftng iron ban kinh R lhanh difdng iron ban kinh kR. 

3. Hinh dong dang 

Dinh n^hJa: Hai hinh dude goi la dong dang vdi nhau neu co mol phep dong 
dang bien hinh nay lhanh hinh kia. 

B. PHLfdNG PHAP GIAI BAI TAP 

1. Cho lam giac ABC. Difng anh cua no qua phep dong dang co difefe b&ng 
each thifc hicn lien licp phdp vi li/ lam B li so ~ vA phep doi xufng qua 
dicing irung irifc 


0AJ HOC yuOC Oia nA .VO! 
[RUNG TAM THONG TIN THU VIEW 


LC / 
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6}iM 

Gpi A', C’ Ufdng tfng la trung diem cua 
BA vd BC. Phdp vj tit tlim B, ti so ^ 

bi£n tam gidc ABC ihdnh tam gidc A'BC'. 

Gpi d la ditdng trung trite cua BC, 8 C’ 

A” la dit;m doi xtfng ala A’ qua d. Phdp d6i xtfng qua ditdng trung trite cua 
BC bien tam gidc A'BC' thanh tam gidc A"CC'. Vay anh cua tam gidc ABC 
qua phdp d6ng dang d6 lit tam gidc A"CC'. 

2. Cho hinh chit nhat ABCD, AC va BD cdt nhau tai I. Gpi H, K, L vi J Ian lttdt 
lit trung didm cua AD, BC, KC vit IC. Chitng minh hai hinh thang JLKI vd 
IHDC d6ng dang vdi nhau. 



Phdp doi xtfng tam I bien hinh thang IHDC 
thitnh hinh thang IKBA. Phdp vi tit tam C ti so 


\_ 

2 


bien hinh thang IKBA thitnh hinh thang 


JLKI. Do d6 hai hinh thang JLKI vd IHDC 
d6ng dang vdi nhau. 



3. Trong mat phlng Oxy cho didm 1(1; 1) va ditdng tr6n dim I bin kinh 2. Viet 
phtfdng trinh cua ditdng tron la anh cua ditdng trdn tren qua phep dong dsmg 
co dtfdc bing edeh thitc hipn lien tiep phdp quay tam O, goc 45° va phdp v| 
tit tam O, ti sd 72 . 

Cjuli 

Ta c6 OI = y/l. Gpi I’ la dnh cua I qua phdp quay tam O, 
gdc 45° thi I'(0; 72 ). Gpi I" la dnh cua I' qua phdp vj tit 
tSm O ti s6 72 thi I" (0; 2). Ditdng trdn can tim co tam 
I" bdn kinh R = 272 c6 phitdng trinh la x 2 + (y - 2) 2 = 8. 



4. Cho tam gidc ABC vu6ng tai A, AH la ditdng cao k6 tit A. Tim m$t phdp 
dong dang bitin tam gidc HBA thanh tam gidc ABC. 


(sjith 

Phdp d<>i xtfng qua ditdng phan gidc cua 

g6c ABC bien tam gidc HBA thdnh tam 

AC 

gidc EBF. Phdp vi tit tam B, ti so- 

’ AH 

bien tam gidc EBF thanh tam gidc ABC. 
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C. BAI TAP LAM THEM 

1. Trong mat phing Oxy cho di/dng thing d c6 phifdng trinh x = 2 >J2 . Hay viet 
pht/dng trinh difcJng thing d’ la anh cua d qua phep dong dang c6 di/dc bing 

each thi/c hicn lien ticp phep vi tu tam O ti so k = ^ va phep quay tam O goc 45°. 

2. Trong mat phSng Oxy cho di/tfng tron (C) co phi/clng trinh (x - 1) + (y - 2) = 4. 
Hay viet phi/dng trinh duftng tron (C) la anh cua (C) qua phep dong dang c6 
dtftfc bing each thi/c hien lien tiep phep vi ttf tam O ti so k = -2 vj phdp doi 
xufng qua true Ox. 


BAI TAP ON TAP CHl/ONG I 

• • 


1. Cho luc gidc deu ABCDEF lam O. Tim anh cua lam giac AOF 

a) Qua phep tjnh lien iheo veetd AB ; 
h) Qua phep doi xtfng qua dufing thdng BE; 
e) Qua ph6p quay tam O g6c 120". 

(yjlal 

a) Ta co T—: Ai->B 

tj 

OhC 
Ft-> O 

Suy ra AAOF -* ABCO 

b) D bh : AhC c) Q 

Ft-> D 

0 t ->0 

AAOF -> ACDO 



£ D 

/ : A i—> E 

Jo .120 | 

FhD 

AAOF > AEOD 


2. Trong mat phing toa do Oxy cho diem A(—1; 2) va dtfdng thing d c6 phtfdng 
trinh 3x + y + 1 = 0. Tim anh cua A va d 
it) Qua phdp tjnh lien theo vecld v = (2; 1); 

b) Qua phep doi xufng qua true Oy; 

c) Qua ph6p doi xufng qua goc toa do; 

d) Qua phdp quay tam O goc 90°. 


GBT HtMMHQC 11 - 19 



6}iM 

Goi A’ va d’ lan lifpt la anh cua A va d qua cac phep bien hinh trcn. 


x' - 2 + x 


a) Bieu thtfc loa do ciia phdp tinh lien vectP v = (2: I) la < ’ 

y' = i 4 y 


A(—I; 2) nen A'( 1; 3), 

M(x, y) e d o 3x + y + 1 = 0 o 3(x' - 2) + (y’ - 1) + 1 = 0 
o 3x’ + y’ ~ 6 = ()<=> M'(x’; y') e; d’ 
d' c6 phifPng trinh la: 3x + y - 6 = 0. 

b) Bieu thtfc loa do cua phep doi xdng qua true Oy la •! X 

y ,= -y 


A( — 1:2) nen A’( I, 2) 


M(x; y) e d « 3x + y + 1 = 0 o 3x’ + y’ + 1 = 0 
c> 3x’ - y’ - 1 = Oo M'ix'; y ) c d’ 
d' co phifPng trinh la 3x — y — 1 = 0. 


c) Bieu link loa dp cua phep doi xtfng qua goc tpa dp 0 la: 



-y 


A' = (-l;2), nen A’(l;~2) . 

M(x; y) e d o 3x + y + I = 0 < ? ~3x’ - y’ + 1 = 0 
c> 3x’ + y’ - 1 = ()< > MU’; y’) t d’ 
d’ cd phifPng trinh lit: 3x + y 1 = 0. 

d) Qua phep quay t3m O goc 90", A bien thanh A'(- 2; 1), B(0, -l)bicn 
thanh B'(l; 0). Vay d' la difdng tiling A'B' cd phifPng trinh 
hay x - 3y - 1 = 0. 

3. Trong mitt philng toa do Oxy, cho difdng Iron lam 1(3; -2), ban kfnh 3. 

a) Viet phifPng trinh cua difdng iron do. 

b) Viet phifPng trinh anh cua difdng Iron (I; 3) qua phep tinh lien thco vccld 
v =(-2: 1). 

c) Viet phifPng trinh anh cua difPng Iron (I; 3) qua phep doi xi'fnj qua 
true Ox. 

d) Viet phifPng trinh anh cua difdng iron (1; 3) qua phep doi xurng qua goc tea do. 
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C}i<il 

a) (x 3r + (y + 2y = 9. 

h) T-( I) = l’( 1. 1), phi/dng tiinh dtfdng iron anh: (x 1 Y + ( y + 1 Y = 9. 

c) /J (K (I) = 1(3; 2), phiAfng trinh diA'fng irdn anh: (x 3) 2 + (y - 2y = 9. 

d) £> 0 (I) = I’( 3; 2), phiAfng irinh duftng iron anh: (x + 3)' + (y - 2) 2 = 9. 

4. Clio veclO v, dtftfng thdng d vuong goc vdi v. Goi d' la anh cua d qua phep 

linh lien iheo vecld v. ChiVng minh rhng phep linh lien theo vecui v la kct 

qua cua vice thifc hien lien tiep phep doi xufng qua cac difclng thdng d va d\ 

tfiai 


Lay M tuy y. Goi /)j(M) = M\ 

= M". Goi M 0 , M, la 
giao diem cua d va d' vdi MM". 

Ta co: MM" - MM' + M¥ 

= 2\\~\V + 2M 7 M I * 

- 2M (( M |* = 2 • ^ v - v. 

Vay M" -T-(M) la kct qua ciia 

vit;c thifc hien lien tiep phep doi 
xufng qua cac di/dng thing d va d'. 



5. Cho hinh chff nhat ABCD. Goi O la tam doi xufng cua no. Goi I, F, J, E lan 
lifdt Id txung diem cua cac canh AB, BC, CD, DA. Tim anh cua lam giac 
AEO qua phep dong dang cd dirclc tir vice thtre hiC'n lien tidp phep doi xtfng 
qua di/dng thing 1J vd phep vj tif lam B, ti so 2. 


tfldl 

Phep doi xufng qua dtfctng thing IJ bifin tam 
giac AEO thdnh tam gidc BFO. Phep vi ti/ 
tam B, ti so 2 bien tam giac BFO thdnh lam 
gidc BCD. Vay phep dong dang cd dtftJc bang 
edeh Ihifc hien lien tiep phep doi xufng qua 
tJi/Bng thing IJ vd phep vj ttf tam B ti so 2 
bien tam giac AEO thdnh tam giac BCD. 
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6. Trong mkt phing toa dp Oxy, cho dtfdng iron tarn 1(1; -3), bin kinh 2. Vifi't 
phUdng trinh inh cua difdng trbn (I; 2) qua phdp dong dang c6 difOc tCf vi£c 
thifc hipn lidn tiep phdp v| ttf tam O ti so 3 vk phdp doi xtfng qua true Ox. 

CjiAi 

Goi F Ik inh cfla I qua phep vj ttr V (0 3) tkm O ti so 3. 

Ta c6 V (0 3,(1) = I*(3; -9) 

Goi 1” lk inh cua I’ qua phdp d^i xtfng true Ox. 

Tac6 D 0x (I') = I" (3; 9). 

Vay duttng tr6n inh qua phdp d6ng dang c6 tam I”(3; 9) vk bkn kinh R = 6 
nen c<5 phtfdng trinh (x - 3) 2 + (y - 9) 2 = 36. 

7. Cho hai di£m A, B vk dt/dng tr6n tam O khong c6 di£m chung vdi di/cfng 
thing AB. Qua moi diem M chay trSn dtfdng trdn (O) dtfng hlnh blnh hanh 
MABN. Chtfng minh ring diem N thupc mpt dt/efng Iron xkc djnh. 

tflal 

Vi MN = AB kh6ng doi, nen c6 the xem N Ik anh cua M qua phdp tjnh t«Sn 
theo AB. Do d6 khi M chay tren di/dng tr6n (O) thl N chay trdn difdng iron 
(O’) lk inh cua (O) qua phdp tjnh tidn theo AB. 



CAU h6i TRAC NGHlgM CHl/CfNG I 

1. Trong cic phdp bidn hlnh sau phdp nko kh6ng phii lk phdp ddi hlnh? 

(A) Phep chi£u vuong g6c ldn mOt dtf&ng thing. (B) Phdp d6ng nhk't. 

(C) Phdp vi ttf ti s6 -1. (D) Phdp d6"i xtfng true. 

lit: Phdp chieu vuong gdc len mpt dtfdng thing khong phii lk phdp dfti 
hlnh. Chon (A). 


i 
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2. Trong c£c menh dc sau menh de nao sai? 

(A) Phep tinh lien bien dt/dng thing thanh di/dng thing song song hoSc 
trung vdi n6. 

(B) Phdp doi xufng true bien dtfdng thiing th&nh dufdng thing song song hoilc 
trCing vdi n 6. 

(C) Phep doi xufng tarn bien dtfdng thing thanh dtfcfng thing song song hoac 
trung vefi no. 

(D) Phep vi ti/ bien di/dng tiling thanh dtfdng thing song song hoSc trung \ff\ n6. 

lit: (A), (C) v& (D) dung. Chon (B). 

3. Trong mat phing Oxy cho ddftng thing d co phtfdng trtnh 2x - y + 1 = 0. De phdp 
tinh tien theo veetd v bien d thanh chinh no thi v phai \k veetd nko trong 
c£c veetd sau? 

(A) v = (2; 1); (B) v = (2;-l); (C) v = (1; 2); (D) v=(-l;2). 

r Z \pj lit: Veetd chi phtfdng cua d la u = (1; 2). Chon (C). 

4. Trong mat phing toa do Oxy, cho v = (2; -1) \k diem M(-3; 2). Anh cua 
diem M qua ph6p tinh tien theo veetd v la diem co toa dp nao trong cac toa 
dp sau? 

(A) (5; 3); (B) (1; 1); (C) (-1; 1); (D) (1; -1). 

lit: Bi£u thufc toa dp cua ph6p tinh tien veetd v = (2, -1) Ih 

* " 2 + X T-: M(-3, 2) M'(— 1; 1). Chon (C). 

[y' = —1 + y v 


5. Trong mat phing toa dp Oxy cho dtfdng thing d c6 phifdng trtnh: 3x - 2y + 1 = 0. 
Anh cua dirdng thing d qua phdp doi xufng true Ox c6 phtfdng trtnh Uk: 

(A) 3x + 2y + 1 = 0; (B) -3x + 2y + 1 = 0; 

(C) 3x + 2y - 1 = 0; (D) 3x - 2y + 1 = 0. 

Cjuil 


Bi£u thtfc tpa dO ciia phdp d£>i xufng true Ox la 


x' = x 

ly’—y 

M(x; y) e d <=> 3x - 2y + 1 = 0 c=> 3x’ + 2y’ + I = 0 o M’ e d’ 
d’ cd phtfdng trtnh: 3x + 2y + 1 = 0. Chon (A). 

6. Trong mat phing toa dp Oxy cho dtfcfng thing d c6 phtfdng trtnh: 3x - 2y - 1 = 0. 
Anh cua dtfdng thing d qua phdp doi xufng tarn O c<5 phtfdng trtnh ia: 
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(A) 3x + 2y + 1 = 0; (B) - 3x + 2y - 1 = 0; 

(C)3x + 2y-1 =0; (D) 3x - 2y - 1 = 0. 

__ ^ [ X' — 

< TW Lin.: Bieu thtirc toa dp cua phdp doi xtfng tam O lil < 

ly’ = -y 

M(x; y) e d o 3x - 2y - 1 = 0 o -3x’ + 2y’ - 1 = 0 
<=> 3x’ - 2y’ + 1 = 0e>M’(x’;y’) e d’ 
d’ c6 phtfdng trlnh: 3x - 2y + 1 = 0. Chon (B). 

7. Trong cdc mcnh dd sau mSnh de nho sai? 

(A) C6 mot phep tinh tien bien moi diem thhnh chinh no; 

(B) C6 mot phcp doi xtfng true bien mpi diem thhnh chinh no; 

(C) C6 mot phcp quay bien mpi diem thJnh chinh no; 

(D) C6 mol phep vj ttf bien mpi diem thanh chinh n6. 

H^td Lin: (A), (C) vh (D) dung. Chon (B). 

8. Hlnh vuong co may true doi xtfng? 

(A) 1; (B) 2; (C) 4; (D) v© *>. 

*d Lin: Hlnh vuong co 4 true doi xtfng. Chon (C). 

9. Trong ede hlnh sau hlnh nio co vO so tam doi xtfng? 

(A) Hai dtfdng thing cit nhau. 

(B) Dtfdng elip. 

(C) Hai dtfdng thing song song. 

(D) Hlnh luc gidc deu. 

^T-td Lit: Hai dtfdng thing song song co vo so’ tam doi xtfng. Chon (C. 

10. Trong ede mdnh dd sau menh dd ndo sai? 

(A) Hai dtfdng thing bat kl luon dong dang. 

(B) Hai dtfdng trdn bat kl luon dong dang. 

(C) Hai hlnh vuong bat kl luon dong dang. 

(D) Hai hlnh chi? nhat bat kl luon dong dang. 

*T »fd LiU A). (B) vh (C) dung. Chon (D;. 
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ChMg II OUOING THANG VA MAT PHANG 

TRONG KHONG GIAN. QUAN HE SONG SONG 


§1. DAI ClfOfNG VE Dl/dNG THANG VA MAT PHAN! 


A KIENTHL/C Cd BAN 

1. Cac ti'nh chat 

Tiinh elicit I: Co mot vi chi mot duftng thing di qua hai diem phan biet. 

Tiinh chat 2: Co mot va chi mot mat phang di qua ha diem khong thing hang. 

Tiinh chat 3: Neu mot di/frng thing c6 hai diem phan bict thuoc mot mit 
phang thi mqi diem ctia duftng thing den thuoc mat phing do. 

Tifnlt cluit 4: Ton tai bon diem khong cting thuoc mot milt phdng. 

Tiinh elicit 5: Ncu hai mit phdng phan biet c6 mot diem chung tlu chung c6n 
co mot diem chung khac nufa. 

Tiinh elicit 6: Tren moi null phang, cac ket qua da biet trong hinh hoc phdng 
dcu dung. 

2. C ach xac djnh mot mat phdng 

Ba each xac dinh mit phing 

aj) Mat phang difefc hoin loan xac dinh khi bici no di qua ba diem khong 
thing hang. 

bj) Mil phdng di/dc hoin loan xac dinh khi bict no di qua mot diem vi chtfa 
mot dt/dng thdng khong di qua diem do. 

c> Mat phing difyc hoin toin xac dinh khi bict no chfta hai dtffrng thdng cit nhau. 







GUT titNH HQC f 


1 

4- 




r 



3. Hinh chop va hinh tuf dif n 
a) Hinh chop 

Dinh nnhia: Cho da gikc loi AjA.,... A n vk diem S nkm ngoki mat phing 

chda da gikc d6. Nf>i S vdi ckc dinh A p A 2 .A n de dddc n tam gikc 

SAjAt, SA,A 3 .SA n A,. 

Hinh gom n da gikc dAjri da gikc A, A,... A n goi lk hinh ch6p vk dddc ki 
hipu lk S.A^... A n . 


S S S 



b) Hinh tti difit 

Djnh nghTu: Cho bd'n diem A, B, C, D khong dong phing. Hinh g6m bon 
tam gikc ABC, ACD, ABD, BCD goi lk hinh td di£n (hay ngin gpn lk td 

di$n) vk dddc ki hipu lk ABCD. Thi€ft di£n (hay mat cit) cua hinh .‘tf'VXn 
cit bdi mp(P) lk phan chung cua mp(P) vk hinh.#' 

B. PHlTONG PHAP GIAI BAI TAP 

I. Cho di£m A kh6ng nim tr6n m|t phing (a) chda tam gi4c BCD. LJfy E, F lk 
cdc diem lin lddt nkm tren cic canh AB, AC. 

a) Chdng minh dddng thing EF nim trong mat phing (ABC). 

b) Khi EF vk BC cit nhau tai I, chdng minh I lk di£m chung cua hai mkt 
phing (BCD) vk (DEF). 

qtA 


a) Ta c6: E e AB n6n E e (ABC) 

Fe AC n6n F e (ABC). 
Suy ra EF nim trong (ABC). 

b) I e BC => I e (BCD). 

I e EF => I e (DEF). 

Vky I e (BCD) n (DEF). 
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2. Goi M ia giao diem cua difilng thing d va mat phing (a). Chdng minh M la 
diem chung cua (a) vdi mot mat phing bat kl chura d. 

Cjuil 

Hien nhien M e (a). Goi (P) la mat 
ph.ing bad ki chda d, ta co 

Med 


(d <z (P) 


=>Me(P). 


Vay M la diem chung cua (a) va 
moi mat phang (P) chuTa d. 

3. Cho ba di/dng thang d,, d 2 , d 3 khong cung nlm trong mot mat phlng va c&l 
rthau tdng doi mot. Chufng minh ba dt/dng thing Iren dong quy. 

6jtal 

Gia suf 1 = dj nd,. Ta chufng minh I e d v 

Neu d 3 khong di qua I thi d 3 cit d| va d 2 lan lifdt tai J va K (khac I). 

1, J, K khong thing hang nen tao thanh mat phang (UK). Khi d6 d|, d 2 , d 3 
nim trong (IJK) (vo H). Vay d 3 di qua I ttfc d,, d 2 , d 3 dong quy. 

4. Cho bon diem A, B, C va D khong dong phing. Goi G A , G B , G c , G D lan lddt 
la trong tarn cua cdc tarn giac BCD, CDA, ABD, ABC. Chufng minh ring 
AG a , BG b , CGc, DGo dong quy. 

tflal 

Goi 1 la trung diem cua CD. 

Ta c 6: G A e BI, G fi e AI. Goi G = AG, nBG D . 

Ta cd: A1 G a G b coAIBA 



IB 
GA 


IG n i 

— ndn G.G b //AB 
3 A B 


IA 


va 


AB 


GG 


o a g b 


= 3. 



U lu$n tifdng tif, ta c6 CG c , DG D cung cit AG a tai G', G’ 


va 


G'A 

G'G. 


3, 


G''A 

G"G. 


3. 


Nhirvay GsG'^G" 

Ghi chii: Ta goi AG a , BG r , CG c va DG d la cic diidng trung tuy6n va G 
ia trong tarn cua ttfdi$n ABCD. 


GBT lilNH HQC II - 27 





5. Cho tif giac ABCD n;lm trong milt phing (a) cd hai canh AB va CD khong 
song song. Gpi S lit diem nil in ngoai mill piling (a) \ a M la (rung diem doan SC. 

a) Tim giao diem N cua duftng thing SD va mat phing (MAB). 

b) Goi O la giao diem cua AC va BD. Clni'ng minh ring ba di/itng thing SO, 
AM, BN dong quy. 

Cjlal 

a) Gpi E lit giao diem cua AB va 
Chon m.1t phing phu chufa SD la (SCD) 

(MAB) n (SCD) = ME. 

Gpi N l<1 giao diem ME vc'Ji 
SD thi N lit giao diem cua SD 
vdi mp(MAB). 

b) Gpi I = AM n BN. 

AM c: (SAC); BN c (SBD) 

=> I e (SAC) n (SBD) = SO. 

Vay AM. BN va SO dong quy tai 



6. Cho bon diem A, B, C vA D khong dong piling. Gpi M, N lan lUdt IA trung 
diem cuay\C vA BC. TrSn doan BD lay diem P sao cho BP = 2PD. 

a) Tim giao diem cua duftng thing CD va mat phing (MNP). 

b) Tim giao tuyen cua hai mat phing (MNP) vA (ACD). 

(sjUil 


a) Giao diem cua CD vdi mp(MNP) 

Ta co NP khong IA ditfJng trung 
b\nh cua tarn giAe BCD non NP cit 
CD tai 1. 

1 e CD va I e (MNP) 
ndn {!) = CD n (MNP) 

b) Giao tuyen ctia (MNP) vA (ACD) 

Ta co M va 11A hai diem chung phan 
bipt cua hai mat phing (MNP) vA 
(ACD) ndn: (MNP) n (ACDt = MI 
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7. ( ho bon diem A, B, C va 13 khong dong phang. Goi I, K Ian hfdi la irung 
diem cua hai Joan lhang AD \a BC 

a) Pun giao luyen cua hai mat pining i IIK ) va (KAD). 

b) Goi M va N la hai diem Ian lifdi lay Iren hai doan thing AB va AC. Tim 
giao luyen ctia hai mat phing(IBC) va (DMN). 

Csjiai 

a) Giao luyen cua hai mill phing(lBC) va (KAD). 

Ta eb 1 e AD > I e «KAD) :> 1 c (KAD) n (IBC) 

K i B C > K e (IBC) :■> K ( (IBC) n (KAD) A 

Vay (IBC) o (KAD) = IK. 

b) Giao luyen cua hai mat pining (IBC) va 
(DMN). 

Trong mp(ACD) goi {H} = Cl rs DN va 
trong mp(ABD) goi {F} = BI n DM. 

R, F la hai diem chung phan biet cua 
hai mat phdng (IBC) va (DMN) nen 
(IBC) n (DMN) = EF. 

8. Cho luf dien ABCD. Goi M va N Ian lifdt la irung diem cua t<k canh AB va 
CD, iren canh AD lay diem P khong irung vdi irung diem cua AD. 

a) Goi li la giao diem cua difilng lining MP va dicing ihilng BD. Tim giao 

luyen cua hai mat phing (PMN) va (BCD). ^ 

b) Tim giao diem cua mat pining (PMN) va BC. 

(yjlAi 

a) l a co E, N c (MNP) n (BCD) 

(MNP) o (BCD) = EN. 

b) Goi Q la giao diem cua NH va 
BC ihi Q la giao diem cua 
(PMN) va BC. 

9. Cho hinh chop S.ABCD cd day la hinh hinh hanh ABCD. 'Prong mat phing 
day vc diAIng thing d di qua A va khong song song vdfi cite canh cua hinh 
hinh hinh, d cilt doan BC lai H. Goi C la mot diem n&m Iren canh SC. 

a) Tim giao diem M cua CD va mil phang (CAE). 

b) Tim thiet dien cua hinh chop cal bdfi mal philng (CAE). 
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tfuU 

a) Gpi M 14 giao diem cua 
AE va DC thl M IS giao 
di(?m cua CD v4 (C’AE). 

b) Goi F la giao dit?m cua 
MC’ vdi SD. Thi^'t dipn 
cin tim 14 ttf gi4c AEC’F 


S 



10. Cho hinh chdp S.ABCD cd AB va CD khong song song. Goi M 14 m<>t di<*m 

thuoc mien trong cua lam gidc SCD. 

a) Tim giao diem N cua dtfdng thing CD v4 mat phing (SBM). 

b) Tim giao tuyen cua hai mat phing (SBM) va (SAC). 

c) Tim giao di<?m I cua dtfdng thing BM v4 mat phing (SAC). 

d) Tim giao diem P cua SC v4 mat phing (ABM), ttf dd suy ra giao tuyen 
cua hai mat phing (SCD) v4 (ABM). 

tfuL 

a) Goi N 14 giao diem cua SM v 4 CD thi 
N 14 giao diem cua CD v4 mp(SBM). 

b) Gpi O = AC n BN thi ta cd: 

(SBM) n (SAC) = SO. 

c) Goi I = SO r\ BM thi 114 giao diem 
cua BM vdi mat phing (SAC). 

d) Goi R = AB n CD, P = MR n SC thl 
P 14 giao diem cua SC vdi mp(ABM) 
v4 (SCD) n (AMB) = PM. 

C. BAI TAP LAM TH§M 

1. Cho ttf di$n ABCD. Gpi I, J lin ltfdt 14 trung di<?m cua AC v4 BC. K 14 m$t 

dtf?m tren canh BD sao cho KD < KB. Tim giao tuyffn 

cua m4t phing (IJK) vdi hai mat phing (ACD) v4 (ABD). 


s 



a) Gpi 14m 14 giao di£m cua JK va CD. 
Ta cd: (IJK) n (ACD) = IL 

b) Gpi M 14 giao diem cua AD v4 IL. 
Ta cd: (IJK) n (ABD) = KM 


A 
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2- Cho tuT dien ABCD, M la mot diem ben trong tam gidc ABD, N la mot diem 
hen trong tam giac ACD. Tim giao tuyen cua hai mat ph^ng. 
a) (AMN) va (BCD); b) (DMN) va ( ABC) A 

-Htf&nq 

a) Giao tuyen cua (AMN) va (BCD) 

Goi I la giao diem cua AM va BD. 

J la giao diem cua AN va CD. 

Ta co: (AMN) n (BCD) = 1J 

b) Giao tuyen cua (DMN) va (ABC) 

Goi E la giao diem cua DM va AB, F ia giao diem cua DN va AC. 

Ta cd: (DMN) n (ABC) = EF 

3. C ho tuf dien ABCD, M va N la hai diem lan ltfcft tren AC va AD. O ia diem 
ben trong tam giac BCD. Tim giao diem cua; 

a) MN va (ABO); b) AO va (BMN) 

-fixifnq dJIn 

a) Tim giao diem MN va (ABO) 

Chon mat phang phu chtfa MN la (ACD) 

(ACD) n (ABO) = AI vdi I la giao diem 
cua 2 difdng thang BO va CD. 

Goi K la giao diem cua AI va MN thi K la 
giao diem cua MN va (ABO) 

b) Tim giao diem AO va (BMN) 

Chon mat ph^ng phu chura AO la (ABI) 

(ABI) n (BMN) = BK 
Goi L la giao diem cua BK va AO thi L ia giao diem cua AO va (BMN) 

4. Cho hinh chdp S.ABCD ddy ia hinh thang, ddy Idn la AB. Goi I, J, K la 3 
diem tren SA, AB, BC iheo thur ttT do. 

a) Tim giao diem IK vdi (SBD) 

b) Tim cic giao diem cua mp(IJK) vdi SD va SC. 

•Huetoq Hn 

a) Tim giao diem IK va (SBD) 

Cho mat phlng phu chufa IK la (SKA) 

(SKA) r\ (SBD) = SO vdi O ia giao diem cua AK va BD 
Goi M ia giao diem cua SO va IK thi 
M la giao diem cua IK va (SBD) 


A 




QBTMlNMMQC M * 31 







b) Tim gian diem SD va (UK) 

Chon mM phflng phu chtfa SD la (SBD) 

(SBD) n(IJK) = MN vdi N la giao 
diem cua JK vA BD 
Goi L la giao diem cua MN va SD 
thi L la giao diem cua SD va (UK) 

c) Chon giao diem SC va (IJK) 

Chon mill phAng phu ihuoe clida 
SC la (SBC). 

(SBC) n (IJK) = KR vdi R la giao 
diem eua 2 difdng thilng 1J va SB. 

Goi P la giao diem eua KR va SC ihi P la giao diem cua SC va (1JK). 

§2. HAI DUCfNG THANG CHEO NHAU 
VA HAI DlftfNG THANG SONG SONG 

A. KI§N THl/C CCJ BAN 

1. Vj trf tUdng doi cua hai dtfdng thang trong khong gian 

a) Trtfitn# hap I. Co mol mal philng chtfa a va b, la ndi a va h la dong 
piling. Co ha kha nftng sau: * a va b cal nhau lai M 

* a song song vdi b 

* a triing vdi b 

h) Tracing hap 2. a va b cheo nhau. 

2. Tinh chfi't 

a) Djnh li I: Trong khong gian, qua mol diem khong nftm trOn dtfdng ih^ng 
cho tnrdc, c6 men xh chi mol dttftng lliftng song song vdi difdng ihSng da cho. 

h) Djnh li 2 (Ve giao luycn cua ba mSl phSng) 

Ncu ba mat pining phan bicl doi mol cal nhau theo ba giao luycn phan 
bicl ihi ba giao luycn ay hoftc dong quy hofle doi mol song song vdi nhau. 

c) HO qua: Ncu hai mat pining phan bicl Ian lifctt chtfa hai difdng ihiing song 
song thi giao luycn cua chung (ncu cd) cling song song vdi hai dtfung 
thftng do hoAc irung vdi mol irong hai duftng thSng do. 

d) Djnh li 3: Mai difdng lining phan bicl cling song song vdi difdng lining thuf 
ba ihi song song \di nhau. 
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B. PHtfdNG PHAP GIAI BA I TAP 

1. ( ho tuT dicn ABCD. Goi P, Q, R va S la bon diem lan lifdt lay Iren bon eanh 

AB, BC, CD va DA. Chufng minh rang neu bon diem P, Q, R va S dong phiing ihi 

a) Ba dicing thdng PQ, SR va AC' hoae song song hoae dong quy; 

b) Ba during thilng PS, RQ va BD ho3e song song ho&c dong quy. 

tfuli 

a) Goi (a) la mat phiing chtfa P, Q, R va S 
Bit mat phiing (a), (DAC), (BAC) dbi 
mot c<(l nhau iheo cac giao tuyen la SR, 

PQ va AC. Nhir vay SR, QP va AC hoae 
doi mot song song ho&c dong quy. 

b) Li luan idling id eau a, ta co PS, RQ, va 
BD doi mot song song ho&c dong quy. 

2. Cho id dicn ABCD va ba diem P. Q. R lan li/clt lay tren ba eanh AB, CD, BC. 

Titn giao diem S cua AD va mat phiing (PQR) trong hai trifling help sau day. 

a) PR song song vefi AC; 

b) PR cat AC. 

& 

a) Neu PR // AC thi QS // AC 
vdfi S = (PQR) n AD. 

Vay S la giao diem cua difitng 
lhang qua Q song song vtfi AC 
va duftng lhang AD. 

A 


b) Goi l = PRn AC. 

Taco (PQR) n (ACD) = IQ. 

D 

Goi S = IQ n AD, la c6 S = AD n, (PQR). 


/ 




A 
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3. Cho ttf dien ABCD. Goi M, N lan lirot Id irung diem cua ede canh A3, Cl) va 
G Id irung diem cua doan MN. 

a) Tim giao diem A' cua dtfdng thing AG va mill phing (BCD); 

b) Qua M ke difdng thing Mx song song vdi AA' va Mx cil (BCD) lai M'. 
Chtfng minh B, M', A' thing hdog va BM' = M'A' = A'N; 


c) Chtfng minh GA = 3GA'. 


6juil 


a) Goi A' Id giao diem cua BN va AG thi A’ la giao diem cua AG va 
mp(BCD). 

AA' c (ABN) 


b) 


MM'//AA' 


=5 MM'c (ABN). 


Ta c6 B, M’, A' la diem chung cua hai mat phing (ABN) va (BCD) nei B, 
M’, A' thing hang. 

Trong tarn giac NMM', ta co: 

[G D trung diem NM 
[GA'// MM' 

A’ Id trung diem NM’. 

TifcJng ttf trong tarn gidc BAA’, ta co: 

M la trung diem BA 
MM' // AA' 

=> M’ Id trung dilm BA’. 

Vay BM'= M'A'= AN. 



0 


c) Ta c6 


GA' = -MM' 

2 => GA' = — AA' => GA = 3GA' 

MM' = — AA' 4 

2 


C. BAI TAP LAM THEM 

1. Cho hlnh chdp S.ABCD c6 ddy ABCD la hinh Wnh hanh. Goi H va Klin 
Itfdt Id trung diem cua SA vd SB. 

a) Chtfng minh HK // CD. 

b) Gpi M Id diem tren canh SC khong trhng S. Tim giao tuyen cua hati ndt 
phing (HKM) vd(SCD). 

c) Tim giao tuyen hai mat phing (SAB) vd (SCD). 
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2. Cho hinh chop S.ABCD co day ABCD la hinh thang vdi cac canh day la AB 
va CD. Goi I, J lan lifdt la tiling diem cua AD va BC. Goi K la diem tren 

canh SB sao cho SN = — SB. 

3 

a ) Tim giao tuyen cua (SAB) va (UK). 

h ) Xac dinh thiet dien cua hinh chop mdi mp(IJK). Tim dieu kien doi vdi AB 
va CD de thiet dien la hinh hinh hanh. 


§3. Dl/GfNG THANG VA MAT PHANG SONG SONG 

A. KIEN THL/C Cd BAN 

1. V j tri tifdng doi cua difdng thang va mat phang 


M 

\ 

V 

\ 

\ 

d//(a) dn(a)={M} d c (a) 

2. Tiinh chat 

a) ) Dinh li I: Neu dirtJng thing d khong nim trong m$t phing (a) va d song 

song vdi difdng thing d' nim trong (a) thi d song song vdi (a). 

b) i Dinh li 2: Chodi/dng thing a song song vdi 

mil phing (a). Neu mil phing (p) chura a vi 
cil (a) Iheo giao tuyen b thi b song song vdi a. 

c) H? qua: Neu hai mit phing phan biel cung 
song song vdi mpt difdng thing thi giao tuyen 
cua chung (neu cd) cung song song vdi difdng 
thing do. 

d) Djnh li 3: Cho hai dudng thing cheo nhau. C6 duy nhat mot mil phing 
chufa difdng thing nay va song song vdi di/dng thing kia. 

B. PHl/ONG PHAP GIAI BAI TAP 

1. Cho hai hinh hinh hanh ABCD va ABEF khong cung nim trong mot mit phing. 

a) Goi O va O' lan lifdt la lam cua cac hinh blnh hanh ABCD vi ABEF. Chufng 
minh ring difdng thing OO' song song vdi cac mit phing (ADF) vi (BCE). 
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b) Goi MvJN lan lddt la trong lam cua hai tam giac ABD va ABE. Ciufng 
minh dddng thing MN song song vdi mSt phing (CEF). 

6jlal 


a) Ta co OO’ 1& dddng trung binh cua 
tam giac BDF ndn OO’ // DF, ma 
DF c (ADF) ncn OO’ // (ADF). 

Tddng td OO’ // CE va CE c (BCE) 
ncn OO’ // (BCE). 

b) Td giac EFDC 1& hinh binh h&nh, suy ra 
ED c (CEF). Goi I Bk trung diem cua 

AB ta co — - — - - suy ra MN //ED. 
ID IE 3 


F 



Ta lai c6 ED c (CEF) => MN // (CEF). 

2. Cho tur dicn ABCD. Tren canh AB lay mot diem M. Cho (a) lit mil phing 
qua M, song song vdi hai difdng thing AC va BD. 

a) Tim giao tuyfifn cua (a) vdi cac mit cua td dien. 

b) Thiet dien cua tur dicn c&t bdi mil phing (a) la hinh gi ? 

a) Giao tuyen cua (a) vdi cic mat 
cua id dicn 1& cac canh cua id 
gi3c MNPQ c6: 

MN // PQ // AC va MQ // NP // BD. 

b) Thiet di^n tao bdi mSt 
phing (a) vdi tddipn la 
hinh binh h&nh. 



3. 


Cho hinh chop S.ABCD cd diy ABCD la mot td gidc loi. Goi O la giao di£m 
cua hai dddng cheo AC va BD. Xdc dinh thiet dicn cua hinh chop cil bdi 
mSt phing (a) di qua O, song song vdi AB va SC. Thiet dicn do la hinh gi ? 


Ta cd 


Tddng td 


(a)//AB 
• ABc(ABCD) 

MN =(a)n(ABCD) 

(a)//SC 
- SC c (SBC) 

MQ = (a)n(SBC) 



D 
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Vi! 


<u)//AB 

< AB c: (SAB) > AB// PQ 

PQ (a)n(SAB) 


Vfiy MN // PQ. Do do ti'r giac MNPQ la hinh thang. 

c. bai tap lam them 

I. Trong mat phang (ot) cho AABC vuong tai A, B = 60", AB = a. Gpi O la trung 
diem cua BC. Lay S d ngoai (a) sao cho SB = a va SB 1 OA. Gpi M la mot 
diem Iron canh AB, mat phiing ([0 qua M va song song vefi SB va OA c*(t 
BC, SC. SA Ian liftll tai N, P, Q Dai x = BM (0 < x < a). 

ai Chufng minh MNPQ la hinh thang vuong. 

b) Tin h theo a va x dicn ti'ch cua hinh thang nay. Tinh x dc dien tich nay Idn 
nha't. 


•Hiring 

a) MNPQ la hinh thang vuong. 

Vi i a) // SB non (a) c3t 2 mat ph^ng chufa SB li (SAB) va (SBC) lan ldclt 
theo hai giao tuyen MQ va NP song song vc'ti BC nen MNPQ la hinh thang. 

Vi ( a) // OA nen (a) c;tt (ABC) theo giao tuyen MN // OA. 

Theo gia thiet SB 1 OA nen QM i MN 3 

Viixy MNPQ la hinh thang vuong tai M. 


b) S 


MNJPQ 


la c 6: 


Ta eo: 


Va y S 


2 

MQ 

SB 

NP 

SB 

MNpy 


(MQ + NP).MN 
AM 


AB 

CN 

CB 


=> MQ = a x 


i> N P = — 



x(4a - 3x) 

= — v - L . Ta eo: S 

4 


MNPQ 


3x(4a - 3x) 


12 


3x vit 4a 3x co long biing 4a (hang so) nen tfch 4x(4a - 3x) kin nha't khi 

3x = 4a - 3x hay x = - . 

3 

2. Cho tur dipn ABCD co AB = a, CD = b. Doan IJ not trung diem 1 cua AB vi 
trung d iem J cua CD. Gia sur AB L CD, (a) la mat phting qua M tren doan IJ 
va song song vfli AB va CD. 
a) Tim giao tuyen cua (a) vdi mat philng (ICD). 
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b) Xac dinh thiet dicn cua ABCD vdi mat phAng (a). Chtfng minh thiet dien 
la hinh chfir nhat. 

c) Tinh dicn tich hinh chOr nhat, biet 1M = - IJ. 


-hltfefnq }J»h 

a) Xac dinh (a) n (ICD) 

(a) n (ICD) cd diem chung M va 
CD // (a) ncn (a) cAt (ICD) ihco giao 
tuyd'n Ml qua M va song song CD. 

b) Goi E, F lan lddt giao diem cua Mt 
vdi Cl vS DI. 

Qua E ke NP // AB, qua F ke 
QR // AB. Thiet dicn la hinh chi? nhat 
PQRN. Vi co NP // QR, PQ // NR 
va NP 1 PQ (do AB 1 CD). 


A 



C) Spqrn- 


2ab 

9 


3. Cho tur dien deu ABCD canh a, I la trung diem cua AC, J la mot diem tren 
canh AD sao cho AJ = 2JD. M la mot diem di dong trong ABCD, mat phAng 
(MIJ) luon luon song song vdi AB. 

a) Tim tap hdp diem M. 

b) Tinh dien tich thiet dicn cua tur dien ABCD vdi mat phAng (MIJ). 

-HkirnQ 

a) Goi L la trung diem cua BC, K la diem tren BD sao cho BK = 2KD. 

Tap hdp diem M la doan Kl. 

b) ThiSt di$n can tim la hinh thang IJKL. 


A 
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§4. HAI MAT PHANG SONG SONG 

A. KIEN THL/C CO BAN 

1. Djnh nghTa 

Hai mat phang (a), (p) dufdc goi la song song vdi nhau neu chung khong co 

diem chung. 

Khi do ta ki hieu (a) //(p) hay (p) // (a). 

2. Tinhchat 

a) Djnh It I: Neu m&l phang (a) chufa hai dtfdng thing cit nhau a, b va a, b 
cung song song vdi mat phing (P) thi (a) song song vdi (p). 

h) Djnh l\ 2: Qua mot diem nim ngoai mot m&t phing cho trtfdc c6 mot va 
chi mot mat phing song song vdi mat phang da cho. 

c) He qua I: Neu difdng thing d song song vdi mat phing (a) thi qua d co 
duy nhat mot mat phang song song vdi (a). 

d) He qua 2: Hai mat phang phan biet cung song song vdi mat phang thtf ha 
thi song song vdi nhau. 

e) He qua 3: Cho diem A khong nim Iren mat phang (a). Moi dufdng thing 
di qua A va sung song vdi (a) deu nam irong mot mat phang di qua A va 
song song vdi (a). 


f) Djnh li 3: Cho hai mat phang song song 
vdi nhau. Neu mot mat phing ell mat 
phing nay th'i cung clt mat phang kia va 
hai giao tuyen song song vdi nhau. 


g) He quit: Hai mat phlng song song chin 
tren hai cat tuyen song song nhffng doan 
thing blng nhau. 
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3. Ojnh It Ta-let 

Djnh It 4 (Djnh It Ta-let) 

Ba mit phdng doi mot song song chin tren 
hai cit tuycn hat ki nhufng doan thing 
ti/dng ufng tl le. 

Neu d, d’ li hai cat tuycn bat kl cit ba mat 
phing song song (a), (P), (y) Ian lufOt tai 
cac diem A, B, C vi A\ B\ C* thi 
AB = BC CA^ 

A'B' " B'C'' C A' 

4. Hinh lang tru va hinh hpp 

Hlnh hdp bdi cac hinh btnh hinh 

a,a 2 a'a;, a 2 a 3 a;a'.a.a.aja; 

vi hai da giac A. A..... A va A!A'...A' 

w I J n i — n 

goi la hinh lang tru hoic lang tru, vi ki 
hi$u la A,A^...A . 

* 12 n I 2 n 



Ncu day cua hinh ling tru li tarn giac, td giac, ngu giac thi lang tru tlfdng 
uTng difdc goi lit lang tru lam giac, lang tru ttfgiac, lang tru ngu giac. 

Hinh lang tru co day li hinh binh hinh dufdc goi la hinh hop. 


5. Hinh chop cyt S 

Cho hinh chop S. A, A^... A n ; mot mil phang (P) 
khong qua dinh, song song vdi mit phing day, cit 
ciccanhSA., SA^, ...,SA lanlddttai A' 

Aj.A' n . Hinh tao bdi thiet dien A',A!,, ... A' n 

vi ddy A, A,... A n cua hinh chop cilng vdi ede ttf 

gidc AjAjAjA,, AjAjA^Aj .A n A | A | A n goi 

1^ hinh chop cut. Id hiCu A'A'^.-.A^. A ( A 2 ...A n 

Day cua hinh chop goi la day Idn cua hinh chop cut, con thiet diC'n 
A'A' 2 ... A^ goi la day nho cua hinh chop cut. 

Tinh chat: 

1) Hai day la hai da giac cd cac canh lifting ufng song song va cac ti so cac 
cap canh lifting ufng bltng nhau. 

2) Cdc mat ben lit nhffng hinh thang. 

3) Cdc dift'lng th^ng chufa ede canh ben dong quy tai mol diem. 
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B. PHl/dNG PHAP GIAI BA I TAP 

I. Trong mat phdng (a) cho hinh binh hanh ABCD. Qua A, B, C, D Ian lift ft vc 
bon diftTng thang a, b, c, d song song vefi nhau va khong ndm iron (a). Tren a, 
b, c Ian Iif(ft lay ba diem A', IT, C tuy y. 

a) Hay xac dinh giao diem D’ aia dift'lng thdng d vefi mat phdng (ABC). 

b) ChtVng minh A B C D la hinh hinh hanh. 

tfiM 


f a // b 

a) Taco \ > (a, AD)//(b,BC) 

[AD// BC 

Ma (A'B'C) n (b, BC) = BC non 
(ABC) o (a, AD) = d' di qua A’ song song vefi 
B'C. Goi D* la giao diem cua d' vefi d thi 
D* = d n (A’B'C). 

f a // d 

b) l a co < (a,b)//(c\ d). 

[AB//CD 



Taco: AD' // B’C’. (1) 


Milt khac: (a, b) // (t\ d) ma (A'BCD) n (a, b) = A*B* 
va (A BC D ) n (c, d) = CD’ suy ra A*B7/CD\ (2) 

Tit (1) va (2) suy ra ttf giac A’BCD’ la hinh binh hanh. 

2. Cho hinh king tru lam giac ABC.A B C’. Goi M va M’ lan Iiftft la irung diem 
cua cac canh BC va B'C. 


a) Chtfng minh rdng AM song song vefi A'M'. 

b) Tim giao diem cua mill phdng (ABC) v<3i dift'Jng thdng A’M. 

c) Tim giao tuyen d cua hai mat phdng (ABC) va (BA'C). 

d) dim giao diem G cua ditffng thdng d vdi null phdng (AM'M). 
ChuTng minh G la trong tarn cua tarn giac ABC. 

tfuii 

a) Ta co MM’ // BB‘ va MM' = BIT 
do do MM' // AA* va MM* = AA\ 

Suy ra A’M'MA la hinh binh hanh. 

Vay AM//A’M'. 

b) Goi I la giao diem ctia A'M va AM*. 

M A e (ABC) va I € M A non I 6 (ABC). A 
Vay I = A M n (ABC). 
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c) Gpi O la giao diem cua AB’ va A’B. 

Ta cd: C’, 0 e (AB’C) n (BA’C') => (AB’C) n (BA’C') = C'O. 

d) Ta c6 d > C’O c (AB’C') vh AM’ c (AB’C'). 

Goi G la giao did’m cua d \k AM’ thi G = d n(AM'M). 

Mat kh^c OC’ va AM’ la cac trung tuyCn cua AAB’C' nen G la trong tiim 
cua AAB’C. 


3. Cho hinh hpp ABCD.A'B'C'D'. 

a) ChuTng minh ring hai mat phing (BDA') va (B'D'C) song song vdi nhau 

b) ChuTng minh ring di/dng cheo AC' di qua trpng tarn G, va G, cua hai 
tarn giac BDA' va B'D'C. 

c) Chtfng minh G, va G, chia doan AC'thanh ba phan blng nhau. 

d) Gpi O va I lan iufctl la tarn cua cac hinh binh hanh ABCD va AA’C'C. Xac 
dinh thiet dien cua mat phing (A'lO) vdi hinh hop da cho. 

6jl*l 


a) ChuTng minh (BDA')//(B’D’C) 


Ta cd tur gidc BB’D’D va A’B’CD la cac hinh binh hanh nen. BD // B’D’ 
va AD’//B’C => hai mat phing (BDA’) va (B’D’C) co cac c$p dirdng 
thing cit nhau va song song nhau tdfng doi mot nen chung song song. V$y 
(BDA’)//(B’D’C). 


b) ChuTng minh G|, G 2 e AC’ 

Gpi O, O’ Ian liTdt la tarn cua hinh binh hanh ABCD va A’B’C’D’. 

Trong mat phing (AA’C’C) gpi G t , G 2 lan li/dt la giao diem cua AC’ vdi A’O 
va O’C. Ta chufng minh G|, G 2 lan li/dl la trpng tarn cua AA’BD va ACB’D’. 
That vay, ta cd AG,OA w AG.A’C’ (vi AC // A’C). 


G|° OA 1 AG, 2 

^ G,A' “ A'C' ~ 2 ^ A'O “ 3 

=> G| la trong tam AA’BD. 

Tifdng tie G 2 la trpng tarn cua ACB’D’. 

Vay AC’ di quaG,,G 2 . 

c) Chtfng minh AG| = G|G 2 = G 2 C’ 

Theo cau Iren ta co: 

AG. AO 1 

-*- = — = - (viAG.OA w AGiA’C’) 

G,C' A'C' 2 



=> AG| = - AC’ (1) 
3 
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Tiftlng ti/: 


C'G, 
G, A 


CO' i 

(vi AG.C O’ co \G.AC) 

CA 2 


=> C’Gi = - AC’ (2) 

‘ 3 

Tflf(l) va (2) suy ra AG, = G,G 2 = G 2 C\ 

U) (A IO) = (AA’C’C) =>(A'IO) di hinh hop da cho ihco thiet dicn la hinh 
hinh hinh AA'CC. 

4. Cho hinh chop S.ABCD. Goi A, la irung diem cua canh SA va A 2 la irung 
diem cua doan AA h Goi (a) va (p) la hai mit phing song song vdi mil 
piling (ABCD) vi lan lifdl di qua A,, A 2 . Mil phang (a) c£l cac canh SB, 
SC, SD lan lifdl tai Bj, C,, D\. Mil phing (P) dfl cac canh SB, SC, SD lan 
lifdl lai B 2 , C 2 , D 2 . Chufng minh: 

a) B,, Cj, D| lan lifdl la irung diem cua cac canh SB, SC, SD; 

h) B,B 2 = B 2 B, C,C 2 = C 2 C, D,D 2 = D 2 D; 

c) Chi ra cac hinh chop cul co mol day la ttf giac ABCD. 

tsjidi 

a) Vi (a)// (P) //(ABCD) nen 
A,B, // A 2 B 2 // AB; B,C, //B 2 C 2 //BC 
C|D| //C 2 D 2 //CD, AjD, // A 2 D 2 //AD 
A|Bi la difdng irung hinh cua ASAB 
nen B| la irung diem cua SB. 

Tifdng iif C,, D, lan lifdl la irung diem 
cua SC, SD. 

b) Ta c6 A 2 B 2 li difdng Irung hinh cua 
hinh thang AjB,BA nen B|B : = B 2 B, 
lifting lif C|C 2 = C 2 C, D|D 2 = D 2 D 

c) Ci c hinh chop cul cd mol day la nir 
giac ABCD la A 2 B 2 C 2 D 2 .ABCD, 

A,B,C,D,.ABCD. 


S 



C. BAI TAP LAM TH§M 

1. Cho hinh lang iru tam gitft ABCA’B’C’. 

a) Goi I, K, G lan Itfdt la trong tam c3c tam giac ABC, A’B’C’, ACC’. 

Churng minh ring (IGK) // (BB’C’CJ va (A’KG) // (AIB’). 
h) Goi M, N lan Itfdt li trung diem cua BB’ va CC’. May difng difdng thing 
qua trong tam lam gidc ABC dll AB’ va MN. 
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2 . 


•Hxtrnq iAn 


a) Ttf giac AA’KI thanh hinh hinh hanh 
=> IK // AA’ => IK // BJ3' 

Goi E lii trung diem cua AC. Xct AEBC’ co: 


TCf: 


IE GE 
EB " EC' 
IIK//BB 
IIG//BC' 


= - => IG // BC’ 

3 

=> (IGK) // (BB’C’C) 



h) Btfcfng thing can tim la giao tuyen cua (IAB*) va (IMN). 

Goi H la giao diem cua BC va AI, B’H cit MN tai O thl 10 la di/dng 
thing can dtfng. 

Cho ling tru tam giac ABCA’B’C. M, N Ian lufdt Ih trung diem cua BC vi 
CC\ P la diem doi xtfng cua C qua A. 

a) Xac dinh thiet diem cua ling tru vdi mil phang (A’MN). Tinh ti so mi 
thiol di£n chia canh AB. 

b) Xac djnh thiet dien cua ling tru vdi mat phang (MNP). Tinh ti so ma thiet 


dien chia canh AA’ va AB. 


a) Ttf giac A’KMN la thiet dien can dm. C \h trung diem AB. Ke Cl // AB 

1 AK 

thi Cl = KB va Cl = - AK AK = 2KB. Vay-= 2. 

2 KB 



3. Cho hinh lap phtrdng ABCD.A’B’C'D’ canh a. Goi M, N Ian lifflt la trung 
diem cua AB, B’C’ vi DA’. 

a) Chtfng minh (MNP) song song vdi cac mat phiing (AB’D’) va (BDC ). 
h) Xac dinh thiet dien cua hinh lap phtfOng vdi mat phing (MNP), thiet dlitn 
la hinh gi? Tinh dien Itch cua no. 

Dap so: b) Thiet dien la hinh luc giac deu canh —— . 
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BAI TAP ON TAP CHl/CfNG II 

• • 


1. (’ho hai hinh lhang ABCD va ABEF c6 cluing day Idn AB va khong cung 
nSm trong mot mat phiing. 

a) Tim giao tuyen cua cat* mat phfing sau: 

(ABC) va (BFD); (BCE) va (ADF). 

h) Lay M la diem thuoc doan DF. Tim giao diem cua duftng lhang AM vdi 
m*U phtlng (BCE). 

c) Chtfng minh hai duftng thiing AC va BF khong c£i nhau. 

a) Goi G la giao diem cua AC va BD, 

H la giao diem cua AE va BF. 

Tac 6 G, He (AEC)n(BFD) 

=> (AEC) n (BFD) = GH 
Goi I la giao diem cua AD va BC, 

K la giao diem cua AF va BE. 

Taco (BCE) n (ADF) = IK. 

b) Goi N \h giao diem cua AM vdi IK ihi N = AM n (BCE) (vi IK c (BCE)) 

c) Neu AC xk BF dit nhau ihi hai h'inh lhang da cho cung nSm Iren mot mat phiing. 
Dieu nay trai vdi gia thiet. 



2. Cho hinh chdp S.ABCD co day la hinh h'inh hanh ABCD. Goi M, N, P theo 
ihur tir la trung diem cua cat* doan ihSng SA, BC, CD. Tim thict dien cua hinh 
chop khi di bdi m&t phang (MNP). 


Goi O la giao diem hai difdng cheo cua hinh binh hanh ABCD, hay tim giao 
diem cua difdng thang SO vdi mat phang (MNP). 


6jiM 

Goi E = AB n NP; 

F = ADn NP; 

R = SB n ME; 

Q = SD n MF. 

Thict dien la ngu giac MQPNR. 
Goi H = NP n AC; I = SOn MH. 
Ta c6 I = SO n (MNP). 



GBT HINH HQC 11 - 45 • 


3. Cho hinh chdp dinh S cd day Id hinh thang ABCD vdi AB Id ddy ldn. 3oi M, 
N theo thur ttf Id irung diem cua cac canh SB vd SC. 

a) Tim giao tuyen cua hai mdl phlng (SAD) va (SBC). 

b) Tim giao diem cua dtfdng thing SD vdi mdt phlng (AMN). 

c) Tim thiet dipn cua hinh chdp S.ABCD 
clt bdi mdt phlng (AMN). 

CjiAl 

a) Goi E Id giao diem cua AD vd BC. 

Ta c6 S, E e (SAD) n (SBC) 
nen (SAD) o (SBC) = SE. 

b) Goi F Id giao diem cua MN vd SE. 

P Id giao diem cua SD vd AF thi 
P = SDn (AMN). 

c) Thiet dien cua hinh chdp S.ABCD clt bcti mp(AMN) la ttf giac AMSP. 

4. Cho hinh binh hdnh ABCD. Qua A, B, C, D lan li/dt ve bon mjfa dt/dn* thing 
Ax, By, Cz, Dt d c&ng phia doi vdi mdt phlng (ABCD), song song v)i nhau 
vd khong nlm trong mdt phlng (ABCD). Mot mdt phlng (P) lln li/dt clt Ax, 
By, Cz vd Dt tai A', B', C vd D'. 

a) Chtfng minh (Ax, By) // (Cz, Dt). 

b) Goi I = AC n BD, J = AC' n B'D'. ChuTng minh IJ // AA\ 


S 



c) Cho AA* = a, BB’ = h, CC' = c. Hay linh DD’. 
6jlAl 

a) Ta cd Ax // Dt vd AB // CD 
suy ra (Ax, By) // (Cz, Dt). 

b) IJ Id dirdng trung binh cua hinh thang 
BB’D’D nfin IJ // BB' suy ra IJ // AA’. 

c) Thco linh chat dtrdng trung binh hinh 
thang ta cd: 

AA’ + CC’ = 2IJ vd BB’ + DD’ = 2IJ. 
Do dd AA’ + CC’ = BB’ + DD’ 

=> DD’ = AA’ + CC’ - BB’= a + c - b. 
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CAU HOI TRAC NO HI C\1 CHl/CfNG II 

1. Tun mcnh de sai trong cac mcnh de sau day: 

(A) Neu hai mill phing c6 mol diem chung ihi chiing con co vo so diem 
ehung khac ntfa. 

(B) Ncu hai mill phing phan hict cung song song vefi mat phang ihtf ha ihi 
chung song song vtfi nhau. 

(C) Ncu hai di/(1ng thing phan hicl cung song song vdi mot mat phing thi 
song song vdi nhau. 

(D) Ncu mot di/dng thilng cit mot irong hai milt phang song song vefi nhau 
thi se cat mat phang con lai. 

TW 1&1: (A), (B), (D) dung. Chon (C). 

2. Ncu ha di/frng thilng khong cung nAm irong mot milt phang va doi mot cat 
nhau thi ha di/dng thilng del 

(A) Dong quy; (B) Tao lhanh tarn giac: 

(C) Trung nhau; (D) Cung song song vdi mot mat phang. 

Ufl: Xem hai tap 3 §1 cht/cJng II. Chon (A). 

3. Cho tuf dien ABCD. Goi I, J va K lan lueft la 
trung diem cua AC, BC va BD. Giao luyen 
cua hai mat philng (ABD) va (IJK) la 

(A) KD; 

(B) KI; 

(C) Doting thing qua K va song song vdi AB; 

(D) Khong co. 

Lin: IJ // AB IJ // (ABD) (IJK) cat (ABD) theo giao luyen qua K 
v4 song song vdi AB. Chon (C). 

4. Tim mcnh de dung trong ede mcnh de sau: 

(A) N6u hai mat phing (a) va (P) song song vdi nhau thi moi dutlng thing 
nAm trong (a) deu song song vdi (P). 

(B) Ncu hai mat phing (a) va (p) song song veli nhau thi moi difdng thing 
nim trong (a) deu song song ve3i moi dating thing nAm trong (p). 

(C) Neu hai dutfng thing song song vdi nhau lan lifctt nAm trong hai mat 
phing phan hiet (a) va (P) thi (a) va (p) song song vdi nhau. 

D) Qua mot diem nAm ngoai mat phing cho tri/dc ta ve dt/clc mot va chi 
mot dating thing song song vdi mat phing cho trade d6. 
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*7W Wl; (B), (C), (D) sai. Chon (A). 

5. Cho liir dien ABCD. Goi MvaNIan A 

Itfcll la trung diem cua AB va AC. 

E la diem Iren canh CD vdi 
ED = 3EC. Thiel dien lao bdi mat 
ph^ng (MNE) va itfdicn ABCD la: 

(A) Tam giac MNE. B 

(B) Ttf giac MNEF vdi F la diem bat k'l 
Iren canh BD. 

(C) Hinh binh hanh MNEF vdi F 1& diem 
iren canh BDma EF// BC. 

(D) Hinh thang MNEF vdi F la diem Iren canh BD ma EF // BC. 

‘t-ui tit: MN // BC MN // (BCD) => (MNE) cd't (BCD) iheo giiat luyc'n 
qua E va song song vdi BC. Chon (D). 

6. Cho hinh lang tru lam giac ABC.A’B'C’. Goi I, J 
Ian ltfdt la trong lam cua ede lam giac ABC va 
A'B'C'. Thiel dien lao bdi mat phdng (AIJ) vdi 
hinh Idng tru da cho la 

(A) Tam gidc can; 

(B) Tam gidc vuong; 

(C) Hinh thang; 

(D) Hinh hinh hanh. 

*7W tin: Goi M vd N l&n lifdt la trung didm cua BC va B’C’. Thiietdien la 
hinh binh hdnh A’AMN. Chpn (D). 

7. Cho itf didn deu SABC canh b£ng a. Goi I la trung diem cua doan AB, M Id 
di(?m di dong tren doan AI. Qua M ve mdl phing (a) song song vd (SIC). 
Thiel diCn lao hdi (a) vd turdipn SABC la 

(A) Tam gidc can tai M; 

(B) Tam gidc deu; 

(C) Hinh binh hanh; 

(D) Hinh thoi. 

tin: 

Ta cd SI = Cl => MN = MP. 

Chpn (A). 
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8. Vtfi gia thief cua bai lap 7 chu m cua thicl dicn ihco AM = x la 

(A) x( 1 -f v3 ): 

IB) 2x(l + v '3 ) ; 

(C) 3x( I + S ); 

(D) Khong tinh difclc. 

l&l: AM = x AB = 4x 
=> IC = 2x S 
MN = MP = x S 

Chu vi AMNP being 2x -f 2x = 2x( 1 4- >/3 ). Chon (B). 

9. ( ho hinh binh hanh ABCD. Goi Bx, Cy, D/ la eric dtffing ihdng song song lan 
Itfiit \<ii nhau di qua B, C, D va nam ve mol phia cua mat phdng (ABCD), 
dong ihcti khong 11 Sin Irong mat phring (ABCD). Mot mat phring di qua A \a 
eftt Bx, Cy, Dz lan liTctt lai B\ C, D' vtfi BB' = 2. DD' = 4. Khi do CC b&ng 

(A) 3; 

<B) 4; 

(C) 5; 

(D) 6. 

Lin: Gyi O \ ri O’ lan liA.1l la lam 
cite hinh binh hanh ABCD va AB’C’D’. 

Ta to: BB’ + DD’ = 200’ = CC* 

=? CC’ = 6. Chon(D) 

If. Tim menh dc dung trong tac menh dc sau: 

(A) Hai dddng ihring phan bict cung nam trong mot mrit phAng thi khong 
chco nhau; 

(B) Hai dirfing thfing phan bict khong d(l nhau thi ch<So nhau; 

(C) Hai duffing thSng phan bict khong song song thi chdo nhau; 

(D) Hai dirflng th^ng phan bict lan lift it thuoc hai mrit phSng khric nhau thi 
chco nhau. 

*~CtA Lil: (B), (C), (D) sai. Chon (A). 
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11. Cho hinh vuong ABCD vk tarn giac deu SAB niSm trong hai mAt phing khdc 
nhau. Goi M la diem di dong iron doan AB Qua M vc mill ph&ng (a) song 
song vdi (SBC). 

Thiel dien tao hdi (a) va hinh 
chdp S.ABCD la hinh gi ? 

(A) Tam gi3c; 

(B) Hinh binh hanh; 

(C) Hinh thang; 

(D) Hinh vuong. 

M: Thiel dien la hinh thang MNPQ. Chon (C). 

12. Vdi gia thiet cua h^i lap 11 goi N, P, Q lan ltfdt la giao cua mil phing (a) 
vdi cac difdng thing CD, DS, SA. Tap hdp cat giao diem I cua hai d ddng 
thing MQ v& NP la 

(A) Dt/dng thing; 

(B) Nufa di/dng thiing; 

(C) Doan thiing song song vdi AB; 

(D) Tap hdp rong. 

lit: MQ c (SAB), NP c (SCD) 

=> I € (SAB) r\ (SCD). Chon (C). 
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Ci,m, k III VECT0 TRONG KHONG GIAN. QUAN HE 

VUONG GOC TRONG KHONG GIAN 


§1. VECTO TRONG KHONG GIAN 


A. KIEN THLfC C0 BAN 


1. Ojnh nghla va cac phep toan ve vectd trong khong gian 

a) Dinh right a: Vectd trong khong gian la mot doan thang c 6 hifdng. Ki hieu 
AB chi vectd co diem dau A, diem cuoi B. Vectd con difdc ki hieu la 
a, b, x, y 


h) Phep cong va phep tru vectd trong khong gian: Phep cong va phep trif hai 
vectd trong khong gian dude dinh nghla tudng tuf nhtf phep cong va phep 
trif hai vectd trong mat phang. Phep cong vectd trong khong gian cung c6 
cac tinh chat nhif phep cong vectd trong mat phang. Khi thifc hien phep 
cong vectd trong khong gian ta van co the ap dung quy t^c ha diem, quy 
lac hinh binh hinh nhU’doi vdi vectd trong hinh hoc phang. 

Quy tdc hinh hop: Neu hinh hop 
ABCD.ABCD’ co ba canh xuai phat tif 
dinh A la AB, AD, AA’ va co difilng 
chco Hk AC thi khi do ta co quy tile hinh 
hop la: AB + AD + AA' = AC 

c). Phep nhdn vectd vdi mot so: Trong khong 
gian. Itch cua vectd a vdi mol so" k * 0 la 
vectd ka difdc dinh nghla tudng tif nhif trong mat ph^ng vh c6 c£c tinh 
chat giong nhif cac tinh chat da difdc xel trong mat ph^ng. 

2 Dieu ki#n d6ng phang cua ba vectd 

a) Dinh nglua: Trong khong gian ba vectd difdc goi D dong piling neu cac 
gia cua chung cung song song vdi mot mat ph&ng . 

b) Dieu kien de ba vectd dong phang 

Dinh Ii I: Trong khong gian cho hai vectd a, b khong cung phifdng va 
vectd c. Khi do ba vectd a, b, c dong phdng khi va chi khi co cap so m. 


8 C 
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n sao cho c = ma + nb. 

Ngoai ra cap so m, n la duy nhat. 
Djnh li 2: Trong khong gian cho ba 
veetd khong dong ph&ng a, b, c. 

Khi do vdi moi veetd x ta deu tim 
difdc mpt bo ba sd' m, n, p sao cho 
x = ma + nb + pc. Ngodi ra bo ba 
so m, n, p la duy nha'l. 

B. PHl/CfNG PHAP GIAI BAI TAP 



I. Cho hinh ldng tru ttf gidc ABCD.A'B'C’D'. Mat phdng (P) c5l cac canh bdn 
AA', BB', CC’, DD' lan ltfdt tai 1, K, L, M. Xdt cdc vecld to cac diem dtlu la 
ede di£m 1, K, L, M vd c6 cdc diem cuoi la cac dinh cua hinh lang tru. Hay 
chi ra cac vecld: 

a) cung phifdng vdi IA ; b) cung hufdng vdi IA ; 


2 . 


c) ngddc htfdng vdi IA . 

6juii 

a) Cdc veetd efing phddng vdi IA Id: 

IA'. KB. KB', LC, LC', MD, MD*. 

b) Cac vecld ciing hddng vdi IA.Ia: 

KB, LC, MD. 

c) Cac vecld ngtfdc hudng vdi IA Id: 

TA', KB', LC, MD'. 


A D 



Cho hinh hOp ABCD.A’B'CD'. Chtfng minh rdng: 


a) AB + B'C + DD’ = AC'; b) BD- D'D - B’D 5 - BB'; 
c) AC + BA*'+DB + CD-6. a 


D 


CjiAl 

a) Ap dung quy tdc hinh hpp, la co B 

AB + B'C' + DD : = AB + AD + A A' - AC 

Cach khde: AB + B'C + DD' - AB f BC + CC AC 1 

b) BD - D'D - B 7 !? = BD + DD' + D'B' - BB' 



c) AC -i BA' + DB + C'D = AC + CD~ + D’B' + B’A = A A -- 6. 
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3. Cho hinh blnh hanh ABCD. Goi S la mol diem nim ngoai mil phing chura 
hinh binh hinh. Chiifng minh rang: SA + SC = SB a SD. 

Csjiai 

Goi O la lam cua hinh binh hanh. 

Ta cd: SA + SC = 2SO vi SB + SD = 2SO 
Do do: SA + SC = SB r SD 
Cach khac: 

SA + SC -(SB + BA) t (SI) + DC) = SB i SD -t- (BA * DC) = SB + SD 

4 Cho hinh luT dicn ABCD. Goi M va N lan li/cft ia trung diem cua AB va CD. 

ChuTng minh ring: a 

a) MN = -(AD f BC) : b) MN = - (AC f BD). 

1 1 

Cjldl 

MN M A a AD + DN 

a) Ta cb: __ _ __,_ 

(MN -MB + BC fCN 

Suy ra 2MN=(MA + Mli) + (AD+BC) + (DN+CN) = AD + BC 

=> mn = -(ad + bc| 

1 \ I 

4m 

(mN = MA + AC +CN 
h) Ti/dng Id: (__ __ _. _ 

MN =MB f BD a DN 

Suy ra 2MN =(MA a-M b)+ (AC + BD) + (CN + DN) = AC + BD 

rr> MN = -( AC + BD). 

2 

5 Cho hinh It? diijn ABCD. Hay xac dinh hai dii?m E, F sao cho: 
a) AE - AB + AC + AD; b) AF - AB + AC - AD. 

tfldl 

a) Ta cd AE = AB + AC i AD 

mi (AB f AC) f AD AG t AD 

vdi G la dinh tlui id cua hinh binh 
hinh ABGC vi AG = AB r AC. 

D 
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Vay AE = AG + AD vdi E li dinh thuT tifcua hinh hinh hanh AGED. 

Do d6 AE la di/dng chdo cua hinh hop c6 ha canh la AB, AC, AD. 
b) Tacb AF=(AB + AC)-AD = AG - AD = DG. 

Vay F li dinh ihuT ti/cua hinh binh hinh ADGF. 

6. Cho hinh luf dipn ABCD. Goi G la trong tam cua tam giac ABC. Chtfing minh 
ring: DA + DB + DC = 3DG. 

tflAl 

G li Irong tam lam giic ABC nen GA + GB +GC =0. 

Tac6 DA + DB + DC = (DG + GA) + (DG + GB) + (DG + GC) 

= 3DG + (GA + GB+GC) = 3DG 

7. Goi M va N lan ltfclt la trung diem cua cac canh AC vi BD cua tiir (lien 
ABCD. Goi 1 la trung diem cua doan thing MN va P lit mot diertn bat ki 
trong khong gian. Chdng minh ring: 

a) IA + IB+IC + ID = 0; 

6jUi 

a) Ta c6 IM + IN =6 
mi 2IM-iA + lC vi 2IN = 
nen 2(IM+IN)=0 

suy ra IA + IB + IC + ID =6 

b) Vdi diem P bit ki trong khong 

IA = PA-PI, IB = PB-PI 
IC = PC PI, Fd = pd-pi. 

Vay IA + IB + IC + 1D = PA + PB + PC + PD-4PI 
mi t'leo ciu a), ta cd IA + IB + IC + ID =6 nen suy ra: 

PI = “(PA + PB + PC + PD). 

8. Cho hinh ling tru tam giie ABC. ABC' co AA' = a, AB = b, AC = c. Hay 
phan lich (hay bieu thi) cdc vecld B'C, BC' qua cdc vectd a, b, c. 

54 - 
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Ta co: 


tjlai 

B'C AC At? - AC (AA' + AB) 
= c - a - b 

BC’ AC" AB (A A' + AC) AB 
= a + c - b 


A' C' 



9. Cho tam giac ABC. Lay diem S nSm ngoai mat phang (ABC). Tren doan SA 
lay diem M sao cho MS = -2MA va Iren doan BC lay diem N sao cho 

NIB - - NC. Chbng minh rang ba veetd AB. MN, SC dong phang. 


CjlAl 

( 1 ) 


MN = MS + SC + CN 


MN MA * AB + BN 


( 2 ) 


=o 2MN - 2MA t 2AB+ 2BN 
Cpng (1) vdi (2) ta dt/dc: 

3MN = MS4 2MA + SC + 2AB + CN + 2BN. 


1 



Vay MN = -SC + - AB. 
3 3 


Dio do ba veetd MN, SC, AB dong phang. 


10 Cho hinh hop ABCD.EFGII. Goi K la giao diem eua AH va DE, 1 \h giao 
diiern eua BH va DF. Churng minh ba veetd AC. KI, FG dong piling. 


Tta co Kl // EF // AB nen KI // mp (ABC), 
FG // BC va AC c mp (ABC). 

Dio db ba veetd KI, FG, AC co gib cting song 
soing vdi mpt mat phiing (a) la mat phdng song 
suing vdi mat phang (ABC). Vay ba veetd KI, 
F<G, AC dong ph;ing. 


B C 
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C. BAI TAP LAM THEM 

1. Cho ttf dien ABCD. Goi E, F Ian lUUt li (rung diem cua AB, AC, I li trung 
di£m cua EF. 

a) Chting minh ring IA + IB + IC + ID = 0. 

b) M baft kl trong khSng gian, chtfng minh: 4 MI = MA + MB + MC + MD 

c) Tim M e (P) co djnh sao cho MA + MB + MC + MD nho nhal. 

a) fA + IB = 2IE, IC + ID = 2IF vi IE + IF = 0. 

b) Ap dung quy tic 3 diem xen I vio vc phai. 

c) Ap dung cau b) MA + MB f MC + MD =4 MI nho nhal khi M lit hinh 
chi£u vuong goc cua I len (P). 

2. Cho hinh hop ABCD.A'B'C'D'. Goi P, R lan li/dt li trung diem cac canh AB, 
A'D, goi P\ Q, Q' lan Itfdt la giao diem cac di/dng cheo cua cac mat ABCD, 
CDD'C, A'B'C'D', ADD A 1 . 

a) Churng minh ring: PP’ + QQ' + RR’ = 0. 

b) Chtfng minh ring hai tarn giac PQR, FQ'R' co cung trong tim. 

’HxtfnQ ha* 

a) PP* = — AD, QQ^ = — DA 5 , RlT' = — A*A 

2 2 2 

= pp‘+qq , + rr ; =-(ad + da*' + a 7 a) = 6 

2 

b) G<?i G vi G* lin Itfdt li trong tim APQR vi AP'Q’R’. Ap dung a) v& h£ ha 
di£m suy ra: 3 GG' = 0 

3. Cho hinh h$p xiCn ABCD.A'B’C’D. Gyi G li trong tim tarn giac A'B'C'. 

a) Chtfng minh BD’ = 3BG 

b) Goi P, Q, R li anh doi xtfng cua diem D' qua cac diem A, B', C. Chtfng to 
rang B li trong tarn cua tut dien PQRD'. 

’Htfctnq hatt 

a) Ap dung quy lac trong tarn 3 BG = BA + BB' + BC - BD’ 

b) Churng minh BP f BQ f BR + BD' - 6 
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§2. HAI Dl/CfNG THANG VUONG GOC 

A. THL/C CCJ BAN 

1. Ti'c h to hudng ctia hai vectd trong khong gian 
a. (}>c giila hai vectd trong khong gian 

Dnh nglua: Trong khong gian, cho li va v la hai vectd khac vectd - khong. 
IJy mot diem A hat ki, goi B va C la hai diem sao cho AB = 0, AC = v. 

Kii do ta goi goc BAC (0° < BAC < 180°) la goc giufa hai vectd u vi v 
trong khong gian, ki hieu li ( u , v) 

b- Ttch vd hitting ctia hai vectd trong khong gian 

Dnh nghta: Trong khong gian cho 
h:i vectd u va v deu khac vectd - 
khong. Tich vd ht/dng cua hai vectd 
u va v la mot so, ki hieu la u.v , 
di’dc xac dinh bdi cong thufc: 
uv = |u|.|v|.cos(u,v) 

2. Ve<ctd chi pht/cfng cua dt/dng thing 

Dimhnghia: Vectd a khdc vectd - khong dt/dc goi 
la ’veJtd chi phudng cua dt/dng thing d neu gia cua 
vectc a song song hoic trung vdi dt/dng thing d. 

3. Go»c fitfa hai dt/dng thing trong khong gian 

DimhnghTa: Goc giQTa hai dt/dng thing a va b trong khong gian la goc gitfa 
bait d/dng thing a’ va b’ cung di qua mot diem vi lan ii/dt song song vdi a vi b. 

4. Haii dt/dng thing vudng goc 

DimhnghTa: Hai dt/dng thing di/<?c goi li vudng goc vdi nhau neu goc giCTa 
chumj bing 90°. 

Ki hiiu hai dt/dng thing a vi b vudng goc vdi nhau li a 1 b. 

B. PHH/CfNG PHAP GIAI BAI TAP 

1. C-h* > tilth lap pht/dng ABCD.EFGH. Hay xac dinh goc giflfa cac cip vectd sau 

da\y: 

A i va EG ; 

b) A ; va EG ; 

c) A i va Dll. 
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Cjidl 


a) Ta co EG = AC ncn 

(AB, EG) = (AB, AC) = 45‘\ 

h) Tam giac FAC deu ncn 

(AF, EG) = | AF, ACj = 60°. 

c) (AB, DH) = (AB + AE^W'. 


E H 



2. Chottfdipn ABCD. 

a) Chtfng minh ring AB.CD r- AC.DB t AD.BC = 0. 

b) Tuf dSng thuTc tren hay suy ra rang neu u'r dien ABCD co AB i CD va 


AC 1 DB thi AD 1 BC. 


Cjial 


a) Ta cd 

AB.CD + AC.DB + AD.BC = AB( AD - AC) + AC( AB - AD) r AD( AC - Ab) 

= AB.AD - AB AC + AC.AB. - ACAD + AD.AC - AD.AB= 0 

b) Neu AB 1 CD va AC 1 BD thi AB.CD = 0 va AC.DB = 0. 

Theo cau a) suy ra AD.BC = 0 
=> AD 1 BC. 

3. a) Trong khong gian neu hai dtfdng thing a va b citng vu6ng g6c vdi dtftng 
thing c thi a vl b cd song song vdi nhau khSng ? 

b) Trong khdng gian nfi'u dtfdng thing a vuong g6c vdi dtfdng thing b va 
dtfdng thing b vudng goc vdi dtfdng thing c thi a cd vu&ng gdc vdi c khAnj ? 

LA 


a) a va b ndi chung khdng song song 

b) a va c ndi chung khong vudng gdc. 

4. Trong khdng gian cho hai tarn gilc deu ABC va ABC' cd chung canh AB ’a 
nim trong hai mat phlng khlc nhau. Goi M. N, P, Q lan ltfpt la trung di£n 
cua cdc canh AC, CB, BC', C'A. 

Chtfng minh ring: 

a) AB 1 CC'; 

b) Ttf gidc MNPQ II hinh chff nhat. 
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tflal C 



Mat khac PQ // AB. MQ // CC, AB 1 CC non MQ L PQ. Do do hinh hinh 
hinh MNPQ la hinh chOf nhal. 

5. Cho hinh chop lam giac S.ABC eo SA = SB = SC va co ASB BSC -CSA. 
Chiifng minh ring SA 1 BC, SB 1 AC, SC i AB. 

Cjlai 

Ta co SA BC = S A.(SC - SB) = SA.SC - SA.SB 


= SA.SC.cosASC SA.SB.cos ASB = 0 => SA 1 BC 
Chufng minh lifting tif la diftlc SB 1 AC, SC 1 AB. 

6. Trong khdng gian cho hai hinh vudng ABCD vi ABCD' co chung canh AB 
vi nJin irong hai mil phing khac nhau, lan liftil co lam O vi O’. Chufng minh 
ring AB 1 OO’ va luf giac CDD’C’ la hinh chiif nhal. 

Cjiai 

Ta t o AB.OCy = AB.( ACT - AO) = ARM? - AB. AO D - 

= AB.AO'cos45" AB.AO.cos45° = 0 
=> AB 1 OO'. 

Ta cd CD // C'D' vi CD = CD' non C' 

id giic CDD'C' la hinh hinh hinh. 

Mil khic OO' II CC nen CC 1 AB ^ CC 1 CD. 

Vay hinh hinh hanh CDD’C 1A hinh chu" nhal. 

7. Cho S la dien Uch cua lam giac ABC. Chufng minh ring: 

S = - Jab 2 AC 2 (AB AC) 2 . 

2 
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tfLil 

Taco S ABC = ^AB.ACsin A = ^ AB.AC>/l - cos' A. 


. AB.AC . r- 77 |AB .AC -(AB.AC) 3 

VI cos A = j — rrr— -m ncn Vl - cos A =-—----— • 

IabI.IacI V abac' 

Dodo S ABC = -/ab\AC 2 -(AB.AC) 2 . 


8. Cho ttfdi$n ABCDco AB = AC = AD v& BAC = BAD = 60°. Chufng ninth ring: 

a) AB 1 CD; 

b) Ncu M, N Ian liM la irung diem cua AB vi) CD thi MN 1 AB va \N 1 CD. 

tfuti 

a) AB.CD = AB.(AD- AC) = AB.AD - AB.AC 

= AB.AD.cos60° - AB.AC.cos60° = 0 => AB 1 CD. 


b) MN = -(AD + BC) = -(AD + AC - AB) (bailap4) 



C. BAI TAP LAM TH£M 

1. Cho tuT di$n d6u ABCD co canh bing a. Goi M, N lan li/di li irungJittfn cac 
canh AB, CD. 

a) TInhd6 dii doan MN; 

b) Tfnh goc giiTu cac dt/ifng thing MN vi BC, 

c) Chi'mg minh: MN 1 AB v;1 MN 1CD. 


-Hutu# 


DU BA = a, BC =c, Bf5 = b 



v.) a.c = a.b = b.c = 
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D 


Khido: MN- (AD4 BC) <b ih c) 
1 1 


a ) MN - —( b a 4 c 
4 





= — (a 4- a‘ 4- a‘ - 2 ah 4 2 bc 2 ac ) = a\ 
4 2 


b) VlN.BC - -a\goc giCfa MN, BC la 45 ° 

c) Taco BA.MN a^|b-a 4 cj ^ (a.b a 2 +a.c)-() r> MN 1 AB 


CD.MN = — jb - cj.|b - a 4 cj - — (a~ - a h 4 b e - c.b 4 c.a - a 2 ) = 


0 


MN 1 CD 

2. Cho hlnh lap phi/Ong ABCD.A B'C’D'. Cat* diem M, N lan Itfcft chia cat doan 
tb^ng AD' va DB ihco cung li' so k (k / 0, 1). 

a) Chtfng minh ring MN luon luon song song vdi mp(A’DBC); va chtfng 

rninh rang neu k = - - Ihi: 

2 


b) MN// AC; 

-Hti&ng ?an 

a) bSt: AA’ = a, AB = b, AD - c 
Theo gia ihiet, la co: 

MA = k Md" 0 MA k{ MA + AD') 

k --k 


c) MN 1 AD' va MN 1 BD 


AM = AD'-- —- -(a + c) 

k-D > 


k -1 


AN 


AD -kAB c - kb 


I - k 


I - k 


Suy ra: MN - AN - AM 


c - kb + ka 4 kc 
l-k 


1 

l-k 


k|a - bj + (k + I)c 


D' 


C 



1 + k 


BA' + - —- BC (I) 
l-k l-k w 


Dang Ihtfc (1) chtfng to MN,BA',BCddng phiing va do MN khdng thuoc 
nipt A'BCD ) non MN // mp(A'BCD'). 

Khi k = - - ihi (1) trfl thanh: MN - - BA’ ♦- - BC - - A t 
2 3 3 3 
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b) Va do cac durdng thing MN va A'C cil mp(ABCD) lai cat* diem khac 
nhau non chung khong irung nhau. Vay MN // A'C. 


c) Tac6: MN.AD' ^A'C.AD* = ^(b + c-a)(c + a) = ^bje + aj + ^fu? -a^ 
(Vi AB 1 mp(ADD’A') va f - c‘ V 


0 


Vay MN 1 AD'. 


§3. BLfOfNG THANG VUONG GOC VOfl MAT PHANG 


A. KIEN THLfC Cd BAN 


1. Dinh nghTa 


d 


Btfdng thing d di/dc goi la vudng gdc vdi 
mdl phing (a) neu d vudng gdc vdi moi 
dtrdng thing a dim trong mat phing (a). 
Ki hipu la d 1 (a). 



2. Bieu ki$n 64 dtfdng thing vudng goc vdi mat phing 

Dinh ll: Neu mol dt/dng thing vuong gdc vdi hai dtlCfng thing fit nhau cung 
thuQC mot mat phing thi no vuong gdc vdi mat phing ay. 

H? qua: Ncu mot difdng thing vuong gdc vdi hai canh cua mot t;ani gidc thi 
nd cung vuong gdc vdi canh thtf ba cua tarn gidc dd. 

3. Tfnhchit 


a) Tlnh chut I: Cd duy nhat mot mat 
phing di qua mpl diem cho trt/dc 
va vuong gdc vdi mot di/dng 
thing cho tru’dc. 



Mat phdng (rung trite cua mgt doan thang 

Ngi/di ta goi mat phing di qua 
trung diem I cua doan thing AB va 
vudng gdc vdi difdng thing AB la 
mat phing trung tn/c cua doan 
thing AB. 
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b) Tinh chcit 2: Co duy nhat mot 
di/ftng thing di qua mot diem cho 
triMc va vuong goc vdi mot mat 
pha ng cho trUde. 



4. Lien h£ giufa quan h£ song song va quan h<? vuong goc cua dudng thang 
va m0t phang 

Tinh chat I ^ k 

a u 

a) Cho hai during thing song song. Mat 

phang nao vuong goc vdi during thang nay / 
thi cung vuong goc vdi dicing thiing kia. 

b) I lai during thiing phan biet cung vuong goc 
vc'li mot mat phang thi song song vfli nhau. 



Tinh chat 2 

a) Cho hai mat philng song song. During 
thiing nao vuong goc vdi mat phing nay 
ihi cung vuong goc vdi mill phing kia. 

b) Hai mat phing phan biet cung vuong goc 
vdi mot during thing thi song song vdi 
nhau. 



Tinh chut 3 

a) Cho dufing thing a va mill philng (a) 
song song vdi nhau. During thing 
iuU) vuong goc vdi (a) thi cung 
vuong goc vdi a. 

b) Neu mOt difctng thing va mot mat phing (khong chtfa during thing do) 
ciing vuong goc vdi mot dudng thing khac thi chung song song vdi nhau. 

5. Ojnh If ba dudng vuong g6c 

Dinh nghui: Phep chieu song song len mat phing (P) theo phifdng 1 vuong goc 
tdi mat phing (P) gpi la phep chieu vuong goc len mat phing (P). 

Dinh It (Dinh H 3 dirilng vuong goc) 

Cho during thing a khong vuong goc vdi mat phing 
(P) va duflng thing b nim trong (P). Khi do dieu 
kiOn can va du dc b vuong goc vdi a la b vuong goc 
vdi hinh chieu a' cua a iron (P). b l a o b L a' 
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6. Goc giufa dtfdng thing va m$t phang 

Djnh nxhTu: Ncu di/ctng thing a 1 (P) ihi la n6i goc giffa dtfdng thing a va 
m$l phlng (P) blng 90°. 

Ncu dtfdng thing a khong vuong g6c vdi m&t phlng (P) 

(a) ihi g6c giOa a vl hinh chicu a' cua n6 tren (P) goi la 
g6c giufa dtfdng thing a va m&t phlng (P). 

Chu y: Ncu (p 1& g6c gi&a dtfttng thing d va mat phlng (a) 
thitaluon c6 0° < <p < 90° 

B. PHl/dNG PHAP GIAI BAI TAP 

1. Cho hai dtfifng thing phan biet a, b va mat phing (a). Cdc menh dc sau day 
dting hay sai ? 

a) Ncu a // (a) vd h X(a) thi a 1 h. 

b) Ncu a // (a) va b 1 a thi b ± (a). 

c) Ncu a // (a) \ a b // (a) thi b // a. 

d) Ncu a 1 (a) \1 b i a thi b // (a). 



‘T*/ IM: a) Dung; b) Sai; c) Sai; d) Sai. 

2. Cho ttf diC'n ABCD c6 hai mat ABC va BCD la hai tarn gidc can c6 chung 
canh ddy BC. Goi I la trung diem cua canh BC. 

a) Chtfng minh ring BC vuong gbc vdi mat phing (ADI). 

b) Goi AM la dtrftng cao cua tarn gidc ADI, chtfng minh ring AM vufing g6c 


vdi mat phing (BCD). 




a) Tam gidc ABC va BCD efin cb ddy 
BC vd I la trung diem cua BC non 

A11 BC 

=> BC 1 (ADI) 

DI 1 BC 

b) Ta cb BC 1 (ADI) vd AM c (ADI) AB 1 AM 
AH 1 BC 



AH 1DI 


=> AH 1 (BCD) 


3. Cho hinh chbp S.ABCD cb day Id hinh thoi ABCD va co SA = SB = SC = SD. 
Goi O Id giao di£m cua AC va BD. Chtfng minh ring: 

a) Dt/tfng thing SO vuong goc vdi mat phing (ABCD). 

b) Dtfdng thing AC vuong gbc \di mat phing (SBD) va dtfdng thiing BD 
vuong gbc vdi mat phing (SAC). 
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6jith 


a ) SO la dtfdng cao cua hai tarn giac can 


j SO 1 AC 
[SO 1 BD 


^SOi(ABCD) 


f AC 1 BD 

b) Ta to: \ => AC 1 (SBD) 

[AC ISO 


[ BD 1 SO 
I BD 1 AC 

V 


=> BD 1 (SAC) 


SAC, SBD ta c6: 

S 



4. Cho ttf dien OABC c6 ha canh OA, OB, OC doi mot vuong goc. Goi H la 
chan difctng vuong goc ha tif O t$i mat phdng (ABC). Chtfng minh r3ng: 

a) H la trifc tarn cua tam giac ABC; 

u, 1 _ 1 . 1 1 

h) -- —-— +-— -t-— • 

OH 2 OA- OB" OC" 


rftfl 


a) VI H la hinh chicu cua diem O tren mp(ABC) 
non OH 1 (ABC). Milt khac OA 1 (OBC) nen 
OA 1 BC. Vay AH 1 BC (dinh H ba difctng 
vuong goc), ttfc Id 11 thuoc mot difctng cao cua 
tam giac ABC. TiftJng tif nhif tren ta cung co 
H thuoc difctng cao their hai cua tam gidc ABC. 
Vay H la trifc tam tam giac ABC. 


O 



b) Neu AH ± BC tai A' thi BC 1 OA'. Vi OH la difilng cao cua tam giac 
vuong AOA' (vuong tai O) va OA’ la difctng cao cua lam gidc vuong BOC 


(vuong tai O) nen: 


Vay 


1 1 
OH 2 OA 2 


I 1 1 

OH 2 " OA 2 + OA' 2 ’ 

1 1 

4 * +. — . 

OB 2 OC 2 


1_ j_ _J_ 

OA' 2 ” OB 2 OC 2 


5. TrC-n mat phjing (a) cho hinh hinh hanh ABCD. Goi O la giao diem cua AC 
vk BD. S la mot diem n&m ngotii mat phiing (a) sao cho SA = SC, SB = SD. 
Chtfng minh rang: 

a) SO 1 (a); 

b) Neu trong mat phang (SAB) ke SH vuong g6c vdi AB tai H thi AB vuong 
goc vdi inaiphang (SOH). 
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tsjlJl 

a) SO la difdng cao cua hai tarn giac can SAC va 
SBD nen SO 1 AC va SO 1BC 

=> SO ± (ABCD) = (a) 

b) Vi SO 1 (ABCD) vil AB c (ABCD) nen AB 1 SO. 


Ta c 6 


AB 1 SO 
AB1SH 


=> AB 1 (SOH). 


o\\ , 


6. Cho hinh ch6p S.ABCD c6 day la hinh thoi ABCD va c6 canh SA vuong goc 
vdi mat phlng (ABCD). Gpi I va K la hai diem lan liTdt lay tren hai canh SB 
SI SK 

v& SD sao cho — --Chting minh: 

SB SD s 

a) BD vuong g6c vdi SC; 

b) IK vuong gdc vdi m&t phlng (SAC). /; \\ IK 

Jj-'VX 

a) ABCD la hinh thoi n6n: \ \ Q 

AC 1 BD; SA 1 (ABCD) ^ SA 1 BD / f ''''"/ 


Ta c6: 


BD 1 SA 
BD1AC 


=> BD _L(SAC). 



Ma SC c (SAC) n6n BD 1 SC. B u 

CT C K 

b) Vi — = — ndn IK 1 BD. Ma BD 1 (SAC) nen IK 1 (SAC). 

SB SD 

7. Cho ttf dien SABC cd canh SA vu6ng g6c vdi mat phlng (ABC) va cd tarn 
gidc ABC vu6ng tai B. Trong mat phlng (SAB) k£ AM vudng gdc vdi SB tai 


M. Tren canh SC lay diem N sao cho 


SM = SN 
SB " SC 


Chtfng minh ring: 


a) BC 1 (SAB) va AM 1 (SBC); 


b) SB 1 AN. 


tjuil 


a) Ta cd 


BC 1 BA 


[BC 1 SA (vi SAl(ABC)) 
=> BC 1 (SAB) 
f BC 1 AM 


AMI SB 


=> AMI (SBC) 


SM SN 

b) Vi — = — nen MN // BC, ma BC 1 (SAB) 
SB SC 

nen BC 1 SB => SB 1 MN. 
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SB JLMN 

Ta co: => SB 1 (AMN) => SB 1 AN 

SB 1AM 


8. Cho diem S khong thupc m&t ph&ng (a) co hinh chieu tren (a) la diem H. 
Vdi diem M bat ki tren (a) va M khong trung vdi H, ta goi SM la duTdng xien 
va (loan HM \h hinh chieu cua dufing xien do. ChuTng minh rang: 

a) Hai di/dng xien bang nhau khi va chi khi hai hinh chieu cua chting b&ng nhau; 

b) Vdi hai dt/dng xien cho tri/dc, di/dng xien nao ldn hdn thi co hinh chieu 
Idn hdn va ngi/dc lai di/dng xien nao co hinh chieu ldn hdn thi ldn hdn. 

6}lal 

a) Ciia sir HM, HN lan lifdt la hinh chieu cua SM, SN. 

Neu SM = SN thi ASHM = ASHN nen HM = HN 


Ngi/dc lai neu HM = HN thi ASHM = ASHN nen SM = SN. 
Vay SM = SN <=> HM = HN s 

b) Ap dung dinh Py-ta-go ta c6: 

SM 2 - HM 2 = SN 2 - HN 2 (= SH 2 ) 

=>SM 2 -SN 2 = HM 2 -HN 2 . 

TCr dd suy ra: SM > SN o HM > HN (dpcm). 



C. BAI TAP LAM THEM 

1. Cho ttf dien ABCD. 

a) ChuTng minh ring AB J. CD » AC 2 - AD 2 = BC 2 - BD 2 . 

b) TCr d6 suy ra neu mot tuT dien c6 hai c3p canh doi vuong gdc vdi nhau thi 
cSp canh do'i edn lai cung vuong goc vdi nhau. 

2. Cho tuf dipn SABC cd ABC la tarn gidc vuong can dinh B, AB = a, SA vuong 
gdc vdi mat ph&ng (ABC) va SA = a 73 . M la diem tdy y tren canh AB, dat 
AM = x (0 < x < a). Goi (a) la mat philng qua M va vuong gdc vdi AB. 

a) Tim thiet di6n cua td dien SABC vdi (a). 

b) Tt'nh dipn ttch thiet dien nay theo a va x. Tim x de di$n tlch thiet dipn cd 
gia tri ldn nha't. 

Dap so: b) S = x (a - x), S ldn nhat khi x = —. 

2 

3. Cho hinh chdp S.ABCD cd ddy la hinh vuong ABCD canh a, SA 1 (ABCD) 
va SA = a. 

a) Tim tren mat phang (ABCD) mpt diem each deu ba diem S, B, C va tinh 
khoang edeh tirdiem do defn mat ph^ng (SBC), 
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b) Tim tren mat philng (SBC) mpt diem c4ch deu ba diem B, C\ M vdi M la 
trung di<*m canh CD. Tmh khoang c4ch chung ay. 

D4p so: a) Trung diem N cua canh AD v4 c6 d0 dh\ SN = BN = CN = 



§4. HAI MAT PHANG VUONG GpC 


A. KIEN THL/C CO SAN 

1. Gdc giffa hai m#t phing 

Djnh nghiu: Gdc giffa hai mat phing la 
g6c giffa hai dffdng thing lan ltfpt 
vu6ng g6c vdi hai mat phing d6, 

Djnh ll: Goi S la dien tich cua da gidc H trong mat phing (P) va S’ U dien 
tich hinh chieu H' cua H tren mat phing (P') thi S' = S cos<p, trong dd <|> a goc 
giffa hai mat phing (P) va (P‘). 



2. Hai m$t piling vudng goc 

Djnh nghia: Hai mat phing gpi la vudng g6c vdi nhau n£u gdc giffa :himg 
b&ng 90°. Ki hipu (P) 1 (Q). 

Djnh ll (Dieu ki$n de hai m$t phdng vudng goc) 

Ndu mOt mSt phing chffa mpt dffdng thing vudng g6c vdi mpt 
mat phing khac thi hai mat phing dd vuong gdc vdi nhau. 

fac(P) 



a±(Q) 


=>(P)1(Q) 


a 


^ * 






Dinh ll: N£u hai mat phing (P) va (Q) vudng gdc vdi nhau thi bit cff Iffdng 
thing nao nim trong mat phing (P), vudng gdc vdi giao tuydn cua (P) *a (Q) 
ddu vudng gdc vdi mat phing (Q). 

(P)n(Q) = d; (P)l(Q) 

-ac(P) =>al(Q) 

aid 


H$ qua. 1: Neu hai mat phing (P) va (Q) vudng gdc vdi nhau va A h mot 
diem nhm trong (P) thi dffdng thing a di qua diem A va vudng gdc vdi Q) se 
nam trong (P). 
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(P)l(Q) 
A e (P) 
a MQ) 


=> a c (P) 


A e a 



//f qua 2: Ncu hai mdl phdng cih nhau va cung 
vuong goc vtfi mat phdng thur ha thi giao tuyen cua 
chung vuong goc vOi mat ph^ng thur ba. 

(P) o(Q)^a 
<(P)1(R) ^ai(R) 

(Q) KR) 

He qua 3: Qua dt/ilng thdng a khong vuong g6c vdfi mat phing (P) co duy 

/ ^ 0f 

nhat mot mat ph£ng (Q) vuong goc vdi mat ph&ng (P). 



3 


Hinh lang try dtfng, hinh hpp chuf nhat, hinh lap phtfdng 

B 


Djnh nghTa: 

Hinh ldni> tru dting: 

La hinh lang tru co canh ben vuong g6c vdi 
mat phdng day. 


Hinh Ian# tru deu: 

La hinh lang tru dtfng co ddy la da giac deu. 




Hinh hop di'rni>: 

La hinh lang tru dtfng co day la hinh hinh 
hanh. 

Hinh hop chi7 nhat: 

La hinh hop dtfng co day la hinh chtf nhat. 




1 

1 

1 

1 


✓ 

^_c 
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H)nh lap phu<mg: 

La hinh hpp chff nhat cd taft ca cac canh 
bAng nhau. 

4. Hinh ch6p deu va hinh chop cyt d£u 

Dinh nghta: Mot hinh chdp dtfdc goi la hinh chdp deu neu d£y cua no la da 
gi£c deu va cdc canh ben bAng nhau. 




Dinh nghTa: Khi cAt hinh chop 
d£u bcfi mpt mSt phAng song 
song vdi diy de dtfdc mot hinh 
chdp cut thi hinh chdp cut d6 
dtfdc goi la hinh ch6p cut deu. 


B. PHl/dNG PHAP GIAI BAI TAP 



I. Cho ba mat phAng (a), (p). (y), nhffng m§nh de nao sau day dung 7 


a) N£u (a) 1 (p) va (a) // (y) thi (P) 1 (y). 


b) Neu (a) 1 (P) va (a) 1 (y) thi (P) // (y). 


Ldl: a) Dung; b) Sai. 


2. Cho hai mat phAng (a) va (P) vuong gdc vdi nhau. Ngtfdi ta lay tren giao 
tuyen A cua hai mat phAng do hai diem A va B sao cho AB = 8 cm. Goi C la 
mot diem tren (a) va D la mot diem tren (p) sao cho AC va BD cung vuong 
gdc vdi giao tuyen A va AC = 6 cm, BD = 24 cm. Tinh dp dAi doan CD. 
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(a) _L (p) v& CA i A => CA 1 (0) 

CA 1 DA nen AADC vuong d A. 

DB 1 A 

=> DB 1 AB ^=> ABAD vuong d B. 

Do do: CD 2 = AD 2 + AC 2 = BD 2 + AB 2 + AC 2 

= 24 2 + 8 2 + 6 2 = 676 
-> CD = 26 (cm). 

3. Trong mit phing (a) cho lam giac ABC vuong d B. Mot doan thing AD 
vuong goc vdi (a) tai A. Chufng minh ring: 

a) ABD la goc giufa hai mat phing (ABC) va (DBC). 

b) Mil phing (ABD) vuong goc vdi mat phang (BCD). 

c) HK // BC vdi H va K lan lu'dt la giao diem cua DB va DC vdi mat phing 
(P) di qua A va vuong goc vdi DB. 

tjidi 

a) Ta c6: AD 1 (ABC) z>ADi BC, 

ma BC 1 AB nen BC 1 (ABD) => BC 1 BD. 

[ AB 1 BC —^ 

Taco: \ ABD la 

] BD 1 BC 

V 

goc giufa hai mat phang (ABC) 
va (DBC). 

b) VI BC 1 (ABD) nen (BCD) 1 (ABD). 

c) DB 1 (AHK) tai H nen DB 1 HK. 

Trong mat phang (BCD) ta co HK 1 BD va BC 1 

4. Cho hai mat phing (a), (p) c<Jl nhau va mpt diem M khong thuoc (a) va 
khfing thupc (P). Chdng minh ring qua diem M c6 mpt va chi mot mat phlng 
(P) vuong g6c vdi (a) va (P). Neu (a) song song vdi (P) thi ket qua trfin s6 
lhay doi nhu the' nio ? 

6}l*i 

Gpi a = (a) n (P). Goi (P) la mat phlng di qua M va vuong goc vdi a. 

VI a c (a) va a 1 (P) nen (P( 1 (a). Tddng tif ta chufng minh dufdc (P) 1 (p). 
Nhif vay qua diem M cd mat phing (P) vuong goc vdi (a) va (P). 


D 



BD do do HK // BC. 
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Ngddc lai neu cd mat phdng (P) di qua diem M va (P) vuong goc vdi (a) va 
(P) thi ta suy ra (P) 1 a. Do tinh duy nhaft cua mat phdng di qua mot diem M 
va vuong goc vdi di/dng thdng a nen mat phdng (P) la duy nhat. 

Ndu (a) // (P), ta gpi d la dtfdng thdng di qua M va vuong g6c vdi (a). Khi do 
ta co d 1 (P) va moi mat phdng (P) chtfa d deu vuong goc vdi (a) va (3). Vay 
khi (a) // (3) co v6 so mat phdng (P) di qua M va vuong goc vdi (a) va (p). 

5. Cho hinh lap phi/dng ABCD.A'B'C'D'. Chtfng minh rdng: 

a) Mat phdng (AB'C'D) vuong goc vdi mat phdng (BCD'A’). 

b) Dtfdng thdng AC’ vuong goc vdi mat phdng (A'BD). 


a) Ta cd AB' 1 A’B (hai dt/dng chdo hinh vuong) 

AB’ l t BC (vi BC 1 (ABB’A') 

=> AB’ 1 (BCD’A') 

Ma AB' c (AB’C’D) nCn (AB'C’D) 1 (BCD'A') 

f A'B 1 AB' , , 

b) Ta cd < => A B i_ (ADC B) 

[AB ± BC V ’ 

Ma AC’ c (ABC’B’) ndn AC 1 A’B (1) 

Tt/dng td A'D 1 (ABC'D') => A'D 1 AC' (2) 
Tif (1) va (2) suy ra AC'1 (A'BD). 



6. Cho hinh ch6p S.ABCD cd day ABCD la mot hinh thoi canh a va co 
SA = SB = SC = a. Chtfng minh rdng: 

a) Mat phdng (ABCD) vuong goc vdi mat phdng (SBD). 

b) Tam gidc SBD la tarn gidc vuong. 

tfUi / \ 

a) Goi O la tam hinh thoi ABCD. 4 T:''7 8 


Ta co: 


AC1BD 
AC ISO 


;«?• 
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"> AC 1 (SBD) 

> i A BCD) J (SBD) 

h) Vi SA = SB = SC = a va AB = BC = a non ha tam giac SAC. BAC, DAC 
can vi bhng nhau. Do do OS = OB = OD. 

TOf do suy ra SBD la tam giac vudng lai S. 

7. ('ho hinh hop chd nhat ABCD.A B'C D' co AB = a, BC = b, CC' = c. 

a) ChuTng minh ring mat phang (ADC'B') vudng gdc vdi mat phing (ABB'A’). 

b) Tinh do dai du'dng cheo AC' thco a, h, c. 

<sjiai 

a) VI AD 1 AB 


s 


AD 1 AA 


( > => AD 1 (ABB'A') 


Mat phJng (ADC'B') chufa AD nen 
ta suy ra (ADC'B') 1 (ABB'A') 

h) Ta co AC' 2 = AC 2 +CC' 2 (AACC' vuong) 

AC' 2 = AB 2 + BC 2 +CC' 2 (AABC vudng) 

AC' 2 = a 2 + b 2 + c 2 . 



C' 


Vay AC’ = 7?+b 2 4-c 2 . 

8. Tinh dp dii dttfing cheo ctia mot hinh lap phtfdng canh a. 

C)ial 

Ap dung kcd qua bii 7b vdi a = b = c ta co do dai duftng cheo hinh lap 
pht/dng AC' = 73a 2 =a 73 

9. ('ho hinh chop lam giac deu S.ABC co SH la 
du'dng cao. ChuTng minh SA 1 BC va SB 1 AC. 

tflal 

Vl H la tam eua tam giac deu non la co: 

BC 1 AH vi BC 1 SH. 

BC1 AH' 


Ta c6: 


BC 1 SH 


=> BC J. (SAH) => BC .1 SA 



Tifdng td ta co AC 1 BH 
va AC 1 SH 


=> AC l(SBH) => AC 1 SB. 


10. Cho hinh chop u'f giac deu S.ABCD co cac canh ben va cac canh day deu 
•bing a. Gpi O la tam cua hinh vudng ABCD. 


GBTHINHHQC 11 * 73 







a) Tinh do dSi doan tiffing SO. 

b) Gpi M IS irung diem cua doan SC. Chffng minh hai mat ph^ng (MtD; va 
(SAC) vuong gdc vdi nhau. 

c) Tinh dp dSi doan OM vS tinh g6c giuTa hai mat plfflng (MBD) vS (ABCD). 


a) Ta c6 tur giSc ABCD IS hinh vuong c6 canh bkng a va SO 1 (ABCD). Do dd: 

SO 2 = SA 2 -OA 2 =a 2 - — 

l 2 

aj2 

=>SO = — ■ 

2 

b) SBC IS tarn giac deu canh a nen BM i. SC, 

ttfdng lif DM 1 SC 

BMlSCl 

):=>SC±(BDM) 

DM 1 SC 

Dodd (SAC)l(BDM). 



c) 


OM 2 = OC 2 - MC 2 v) OMC IS tarn giac vuong tai M. 

2 a 2 a 2 a 2 a 

OM 2 = ■ Vay OM = —• 

2 4 4 2 


VI MO 1 BD va CO 1 BD vdi BD IS giao luyd'n cua (MBD) vS (/BCD) 
ndn MOC IS gdc giffa hai mat plfflng (MBD) vS (ABCD). 

Tam giac MOC IS vuong lai M nen: 

a 


sin MOC = — = = -4 => MOC = 45° 

OC a\/2 V2 

2 


Vay gdc giffa hai mSt phSng (MBD) vS (ABCD) b&ng 45°. 

11. Cho hinh chdp S.ABCD cd dSy ABCD IS m0t hlnh thoi tSm I canh avSi cd 

gdc A b&ng 60°. canh SC = vS SC vuong gdc vdi mSt plfflng (ABCD). 

a) Chffng minh mSt plfflng (SBD) vuoag gdc vdi mSt plfflng (SAC). 

b) Trong tarn gidc SCA ke IK vuong gdc vdi SA tai K. Hay tinh dp dSilK. 

c) Chffng minh BKD = 90'’ vS tff dd suy ra mSt ph^ng (SAB) vuong gic vdi 
mSt phing (SAD). 
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Cjlal 

a) Vi BD1AC Mk BD1SC nen 

BD _L (SAC). Ta suy ra (SBD)l(SAC). 

b) Hinh thoi ABCD dtfdc tao thanh bdi hai 
tam giac deu ehung ddy. Hai tarn giac 
vuong SCA va IKA co chung gtk A nen 
dong dang, la co: 

]K A1 
SC " AS 

Theo dinh li Py-ta-go ta co: 


( 1 ) 


SA 2 = SC 2 +CA 2 = — 


ta dtfdc IK = 


( a ^) 2 = 

a\/6 a\/3 

SC.AI 2 2 _ a 

SA ~ 3n/2 ~2 


18a 4 



c) VI IK = IB = ID = - nen ABKD la tam giac vuong tai K hay BKD = 90°. 

2 


SA 1 DB] 
SAUK J 


> => SA 1 (BDK) => SA ± BK vS SA 1 DK. 


Vay BKD IS g6c giffa hai mSl phlng (SAB) va (SAD) va BKD = 90° 
nfin ta suy ra (SAB) 1 (SAD). 


C. BAI T.AP LAM THEM 

1. Cho tam gide ABC vuong can dinh B vS AB = a, doan SA vuong gdc vdi 
(AEC) vS SA = a n/ 3 . Got E vS F lan ltfdt IS trung diem cua SC vS SB, M la 
mot di£nt trcn doan AB. Ddt AM = x (0 < x < a). Gpi a IS mSl phAng chtfa 
EM vS vuong g6c vdi (SAB). 

a) Hay xdc djnh mSt phlng a vS thiet dipn cua tuT dien SABC vdi a. 

b) Chtfng minh FM = v/x 2 -ax + a 2 . Ttnh dipn tich cua thiet di$n theo a vS x. 

2. Cho tam gidc d6u ABC canh a, 1 IS trung diem cua BC, D IS diem doi xtfng 

ciia A qua I. Di/ng doan SD = —— vuong g6c vdi (ABC). 

Chtfng minh: 
a) mp(SAB) 1 mp(SAC) 
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h) mp(SBC) 1 mp (SAD) 

3. Cho hai tam giac ACD va BCD nim Irong hai mat phing vuong goc vdi 
nhau, AC = AD = BC = a va CD = 2x. Goi I vd J lan Iddt id dung diem :ua 
AB v4 CD. 

a) Chdng minh ring IJ vudng goc vdi AB va IJ vuong g6c vdi CD. 

b) Tinh AB va IJ thco a va x. 

c) Xdc djnh x sao cho (ABC) vuong g6c vdi (ABD). 

§5. KHOANG CACH 

A. KIEN THL/C Cd BAN 

1. Ojnh nghla 1 

Khoang edeh iit diem M den mdt phing (P) (hodc den difefng thing A Id 
khoang edeh gida hai diem M vd H trong dd H la hlnh chieu cua dien M 
tren mdt phing (P) (hodc tren dddng thing A). 

2. Ojnh nghla 2 

Khoang edeh gida dddng thing a vd mdt phing (P) song song vdi 2 la 
khoang edeh td mot diem nao do cua a den mat phing (P). 

3. Ojnh nghTa 3 

Khoang edeh gida hai mat phing song song Id khoang edeh id mot diem bat 
kl cua mdt piling ndy defn mdt phing kia. 

4. Ojnh nghTa 4 

Khodng edeh gida hai dddng thing cheo nhau Id do ddi doan vuOng »oc 
chung cua hai dddng thing dd. 

* Cdch tinh khodng each giOa hai ditifng thdng cheo nhau 

a) Gia sd a vd b la hai dddng cheo nhau vd a ± b. 

- Ta ddng mdt phing (a) ehda a vd 
vuong gdc vdi b tai B. 

- Trong (a) ddng BA 1 a tai A, ta dddc 
do ddi doan AB Id khoang each gida 
hai dddng thing clj£o nhau a vd b. 

b) Gia suf a vd b Id hai tW&ng thing cheo nhau nhtfng khong vuong gc>c vdi 
nhau. 



76 - GBTHMHHQC 11 



Cdch I: 

Ta dtfng mat piling (a) chifa a va song 
song vdi h. 

Lay mot diem M tuy y tren b di/ng 
MM' 1 (a) tai M': 

Tir M' di/ng h' // b cit a tai A. 

Tir A di/ng AB // MM' cat b tai B, do dai doan AB la khoang cdch gitfa 
hai difcfng thing chco nhau a va b. 

Cdch 2: 

Ta dirng mat phing (a) 1 a tai O, (a) c 
Di/ng hinh chicu vuong goc cua b la b’ 

Trong m$t phing (a), ve OH L b\ H e 

Tir H difng dtfdng thing song song 
vdi a cit b tai B. 

TCr B dt/ng dudng thing song song 
vdi OH cit a tai A. 

Do dai doan AB la khoang each gitfa hai di/dng thing chco nhau a va b. 

B. PHLfdNG PHAP GIAI BAI TAP 

1. Trong cac menh de sau day menh de ndo la dung ? 

a) Dtfdng thing A la dtfdng vuong goc chung cua hai dtfdng thing avib neu 
A vuong goc vdi a va A vuong goc vdi b. 

b) Goi (P) D m&l phing song song vdi ca hai dtfdng thing a, b chco nhau. 
Khi do dtfdng vuong goc chung A cua a va b luon luon vuong goc vdi (P). 

c) Goi A \h dtfdng vuong goc chung cua hai dtfdng thing chdo nhau a va b 
thi A la giao luyen cua hai mSt phing (a. A) va (b. A). 

d) Cho hai difdng thing chco nhau a b. Dtfdng thing n&o di qua mot diem 
M tren a dong thefi cit b tai N va vuong gdc vdi b thi dd 1& dtfdng vuong 
goc chung cua a va b. 

e) Duttng vuong goc chung A cua hai dtfdng thing cheo nhau a v& b n&m 
trong rrult phing chtfa dtfdng nay v& vuong gdc vdi dtfdng kia. 

lit: a) Sai; b) Dung; c) Dung; d) Sai; e) Sai. 

2. Cho nr dicn S.ABC cd SA vuong gdc vdi m&t phing (ABC). Goi H, K lan 
Itfdt la trtfc lam cua cac lam giac ABC va SBC. 

a) Chtfng minh ba dtfdng thing AH, SK, BC dong quy. 


\i b tai I. 
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b) Chtfng minh ring SC vuong g6c vdi mat phing (BHK) va HK vuong goc 
vdi mat phing (SBC). 

c) Xdc djnh dtfdng vuong g6c chung cua BC va SA. 

6juii 

a) Goi E la giao diem cua AH va BC. 

Ta c6 SA i (ABC) => SA 1 BC. 

BC1AE 

=> BC 1 (SAE) => BC -L SE. 

BC _L SA 

Vay ba dtfdng thing AH, SK, BC dong quy tai E. 


,SA1BH s 

b) Ta c6: \ => BH1 (SAC) => BH1 SC * 

AC 1BH 


Ta c6 \ 


SC 1 BH 


=> SCI (BHK). 


SC1BK 

SC 1 (BHK) => SC 1 HK; BC 1 (SAE) 


Ttf 


HK 1 SC 
HK1BC 


=> BC 1 HK 


=> HK ± (SBC) 


c) Ta c6 AE1 SA va AE1 BC 

ndn AE la dtfdng vuong gdc chung cua SA va BC. 



3. Cho hlnh lap phtfdng ABCD.A'B'C'D' canh a. Chtfng minh ring cdc khoang 
c^ch ttf ede di£m B, C, D, A’, B’, D' d£n dtfdng chdo AC' d£u b&ng nhau. 
Tlnh khodng edeh d6. 


6jlAl 

ABC' la lam gidc vuong tai B cd AB = a vd 
BC' = a>/2. Dp dai dtfdng cao B1 ia khodng 
edeh ttf B tdi dtfdng thing AC'. Do dd: 


1 1 
BI 2 ~ AB 2 

=> BI = 



1 

+-T 

BC' 2 

a-s/6 


1 1 = 3 
a ! + 2a ! = 2a ! 


D C 



Khodng edeh ttf ede diem B, C, D, A', B', D' den dtfdng chtfo AC' deu hing 
nhau vt chung deu la dd ddi dtfdng cao cua ede tarn gidc vudng bdng nhau (vi 
c6 hai canh gdc vuong ttfdng tfng bing nhau). 
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4. Cho hinh hop chCT nhat ABCD A B’C'D' c6 AB = a, BC = b, CC = c. 

a) Tinh khoang each tuT B den mSt phang (ACCA’). 

b) Tinh khoang each giura hai di/clng thiing BB' va AC. 

tflal 

a) Trong mat phing (ABCD) kc BH 1 AC laiHthl BH l(ACC'A').. 

(vi BH 1 AC va BH 1 CC'). 

Khi do BH la khoang each tif B lefi mat ph^ng (ACCA). Xct tarn giac vuong 


ABC la co: 

1 1 


BH‘ 
BH = 


AB 

ab 


+ 


1 


1 


BC 2 a 2 + b 2 


a 2 + b 2 
a 2 b 2 


D 


VaCb 7 



b) Mat phing (ACCA ) chtfa AC va 
song song vdi BB' nen khoang 
each giura BB' va AC’ chinh la 

a h 

khoang each BH-- J =====r- 

Va 2 + b 2 

5. Cho hinh lap phiTdng ABCD.A'B'C'D' 

a) Chufng minh ring B'D vuong g6c vdi mat phing (BA'C). 

b) Tinh khoang c5ch giura hai mat phing (BA'C) va (ACD'). 

c) Tinh khoang each giffa hai durdng thing BC va CD'. 

tfrfl 

( A/(T* _L B'D' 

a) Ta co: \ , , => A'C' 1 (BB'D'D) => A'C' _L DB' 

AC 1DD' V ’ 


BC'IB'C 
BC' 1 DC 
DB'IA'C 


=> BC' 1 (DCB’A') => BC' 1 DB' 


Tit { =>DB'1(BA'C') 

DB 1 BC V ’ 

b) Hai mat phing (BA’C) va (ACD’) co 
BC'//AD' . , . 

a-c7,ac^< bac >"< acd > 

Gpi I v& H Ian liTcft 1& giao diem cua 
DB' vdi D'O va BO'. Trong hinh chff 
nhat DBB'D' ta co 


C 


B 



B' 
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DI = - IB' vi B'H = - DH nen DI = IH = HB' 
2 2 


1 


DB'=> IH 


av3 


Vay khoang c4ch gitfa hai mSt ph^ng (BA'C') \k (ACD') Id 


in/3 


c) Khoang cich giffa hai during ih^ng chco nhau BC* va CD’ b&ng khoang 
cdch gitfa hai mat ph^ng song song (BA’C) vd (ACD 1 ) lan lifdt chtfa hai 
dtfdng th^ng chdo nhau d6. Ta suy ra khoang cdch gitfa hai dtfdng thing 

BC' vi CD’ la d = — • 

3 

6. Chufng minh ring neu dtfcfng thing noi irung diem hai canh AB va CD cua ttf 
dipn ABCD la dtftlng vuong goc chung cua AB va CD thi AC = BD va AD = BC. 

6jtii 

Goi I, K lan ltfdt li Irung diem cua canh AB vi 
CD. Qua K ke dtfcfng thing d // AB, tren d lay A', 

B’ sao cho K la trung diem cua A'B' va KA' = IA. / 

Ta c6 B’C = A'D (vi AKB'C = AKA'D). 

Vi BB7/AA7/IK mi IK la dtfdng vuong 
gdc chung cua AB va CD ndn BB' 1 B'C vi 
AA' 1 A'D. Hai tam gidc vu6ng BCB' va 
ADA' c6 BB' = AA' vi CB' = A'D nen ta 
suy ra AD = BC. 

Chtfng minh ttfdng ttf ta c6 AC = BD. 

7. Cho hinh chdp tam gidc deu S.ABC c6 canh ddy bing 3a, canh ben bing 2a. 

Tlnh khoang cdch ttf S t<3i mit ddy (ABC). s 

6jUl 

Gpi H la tam cua tam gidc d£u ABC. 

Khodng cdch ttf S tdi mp(ABC) bing d<> 
dii dtftfng cao SH ctia hinh chdp. 

Gpi I li giao di£m AH vi BC 

AH = — AI = = —,3a— = a-s/3. 

3 3 2 

SH 2 = SA 2 - AH 2 = 4a 2 - 3a 2 = a 2 => SH = a. 6 

8. Cho ttf dipn deu ABCD canh a. Tinh khoang cdch gitfa hai canh doi cua tur 
dien d£u do. 
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tflal 



2 


c bai tap lam them 

1. Trong hai mat ph&ng vuong goc (P) va (Q) cho hai tam gidc can ACD v& 
BCD co chung day CD = 2x va cac canh khac c6 do dai a. Goi M vi N la 
trung diem cua AB va CD. 

a) Churng minh rang MN la di/dng vuong goc chung cua AB va CD. 

b) Tinh theo a va x do dai cdc doan AB va MN. 

2. Tuf dien OABC co OA = OB = OC = a va AOB = AOC = 60°; BOC = 90°. 

a) Tinh do dai cdc canh con lai cua tuf dien va chtfng minh r&ng ABC la tam 
giac vuong. 

b) Churng minh OA .1 BC, gpi I, J lan lifdt \k trung diem cua OA xk BC, 
churng minh ring IJ \k di/dng vuong goc chung cua OA xk BC. 

c) Chufng minh ring (ABC) 1 (BOC). Tinh dp dai doan IJ theo a. 


bAi tAp on TAP CHlfdNG III 

1. Trong cac mpnh de sau day menh de nio \k dung ? 

a) Hai dtfdng thing phan bipt cung vuong goc vdi mpt mat phing thi chung 
song song. 

b) Hai mat phing phan biet cung vuong gdc vdi mpt di/dng thing thi chung 
song song. 

c) Mat phing (a) vuong goc vdi dtfdng thing bma b vuong gdc vdi dtfdng 
thing a, thi a song song vdi (a). 

J) Hai mat phing phan bipt cung vuong gdc vdi mot mat phing thi chung 
song song. 
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e) Hai dtfdng thing cung vudng g6c vdi mpt dtfdng thing Ihi chung song song. 

lit: a) Dung; b) Dung; c)Sai; d) Sai; e) Sai. 

2. Trong cdc dieu khlng dinh sau day, dieu nlo la dung ? 

a) Khoang each cua hai dtfdng thing cheo nhau la doan ngan nhat trong clc 
doan thing noi hai diem bat ki nlm tren hai dtfdng thing ay va ngtfdc lai. 

b) Qua mpt diem c6 duy nhat mpt mat phlng vudng g6c vdi mOt mat 
phlng khac. 

c) Qua mpt dtfdng thing cd duy nhlt mpt mat phlng vuong gdc vdi mol mat 
phlng khac. 

d) Dtfdng thing nlo vudng gdc vdi ca hai dtfdng thing chdo nhau cho trtfdc 
la dtfdng vuong gdc chung cua hai dtfdng thing dd. 

Tra ldi: a) Dung; b) Sai; c) Sai; d) Sai. 

3. Hinh chop S.ABCD cd day la hinh vudng ABCD canh a, canh SA = a va 

vudng gdc vdi mat phlng (ABCD). 

a) Chtfng minh ring clc mat ben cua hinh chop 11 nhffng tarn gilc vudng. 

b) Mat phlng (a) di qua A vl vudng gdc vdi canh SC Ian ltfdt clt SB, SC, 
SD tai B', C', D'. Chtfng minh B’D' song song vdi BD vl AB' vudng gdc 
vdi SB. 

6}lal 

a) VI canh SA vudng gdc vdi mat phlng (ABCD) ndn SAI AD vl 
SA 1 AB. Theo djnh H ba dtfdng vudng gdc, vi CD 1 AD ndn CD 1 SD 
vl vl BC1 AB ndn BC1 SB. VSy bdn mat ben cua hinh chdp 11 nhtfng 
tarn gilc vudng. 


iv BD 1 AC] 

b) ) => BD 1 (SAC) => BD 1 SC. 

BD1SAJ 

Mat khlc vi (a) 1 SC ndn B'D' 1 SC. 
Hai dtfdng thing BD vl B’D' cung nlm 
trong mat phlng (SBD) vl cOng vudng 
gdc vdi SC. Vi SC khong vudng gdc vdi 
(SBD) ndn hinh chid'u cua SC tren mat 
phlng (SBD) se vudng gdc vdi BD vl 
B D . Ta suyra BD//B'D'. 


S 



BD 1 (SAB) => BC 1 AB' 

Ta cd 

SC 1(a) => SC 1 AB 


AB' 1 (SBC) => AB' 1 SB. 
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4. Iflrih chop S.ABCD c6 day 1<l hmh thoi ABCD canh a va c6 goc BAD = 60°. 
Ooi O la giao diem ciia AC va BJ3. Di/dng thing SO vuong goc vdi mat 

phi ng (ABCD) va SO = —• Goi E \k trung diem cua doan BC, F la trung 

4 

diem cua doan BE. 

a) Chufng minh mat phing (SOF) vuong goc vdi mat phing (SBC). 

b) Tinh cac khoang each tuT O A den mat phing (SBC). 

a) Vi BCD la tarn giac deu nen DE 1 BC . Do do OF 1 BC . 

Mat khac vi SO 1 (ABCD) nen SO 1 BC. Ta suy ra BC ±(SOF), 
dodo (SBC) 1 (SOF). 

b) Trong mat phing (SOF) di/ng S 



8 


Do dd khoang each tif 0 den mat phing (SBC) \k OH = — 

8 

Gpi I = FOn AD. Trong mat phing (SIF) dt/ng IK 1 SF. Vi AD // (SBC) 
n£n khoang cich ttr A den mat phlng (SBC) chinh la khoang cich tfir I 
tren AD den mat phing (SBC). Dd chinh la dp dai doan IK. 

Taco IK =20H = —• 

4 

5. Tur dien ABCD co hai mat ABC va ADC n&m trong hai mat phlng vuong 
goc vdi nhau. Tam giac ABC vuong lai A c<5 AB = a, AC = b. Tam gidc ADC 
vuong tai D co CD = a. 

a) Chufng minh cac tarn gidc BAD vi BDC la cic tarn giac vuong. 

b) Goi I vi K lan lifdt la trung diem cua AD va BC. Chtfng minh IK la dtfdng 
vuong gdc chung cua hai dtrdng thing AD va BC. 
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6jlAi 

a) Theo gia thid'l (ABC) 1 (ADC) vd BA 1 AC nen ta cd BA l(ADC). Do 
dd tam gidc BAD vuong tai A. 

Theo dinh II ba dtfdng vudng gdc ta c6 BAl(ACD), ADI DC nen 
BD1 DC hay BDC Id tam gidc vuong tai D. 

KA-5C 

b) Ta cd 2 => KA = KD 

KD = ^ 

2 

Tam gidc AKD can tai K nen ta 
C6KI1AD. (1) 

Mdt khdc hai tam gidc vuong 
ABD vd DCA bdng nhau vl co 
AD chung vd c6 AB = DC = a 
ndn ta suy ra IB = IC. Tam gidc 
IBC can tai I nen ta cd 
IK 1BC. (2) 

Tfif (1) vd (2) la suy ra IK Id doan vuong gdc chung cua dt/dng thing AD 
vd BC. 

6. Cho hlnh lap phifdng ABCD. A’B'CD’ canh a. 

a) Chtfng minh BC' vudng gdc vdi mat phlng (A’B'CD). 

ft 

b) Xdc djnh vd tlnh d0 ddi doan vudng gdc chung cua AB' vd BC'. 

tflal 

a) Ta cd B'C 1 BC' vd A’B' 1 BC' vl A'B' 1 (BB'C'C). 



Dodd: BC' 1 (A'B'CD). 

b) M$l phlng (AB'D) chtfa AB’ vd 
song song vdi BC'. Cln tim hlnh 
chieu cua BC' trfin mat phlng ndy. 

Goi E, F lan Ii/dt Id tdm cdc hlnh 
vudng ADD'A' vd BCC'B'. Trong mat 
phlng (A'B'CD) kd FH 1 EB' 

(H e EB') nen theo cau a, khi dd 
FH 1 BC' hay FH 1 AD'. Vay 
FH 1 (AB'D'). Do dd hlnh chi£u cua 
BC’tren mat phlng (AB'D') lddudng 



thing di qua H vd song song vdi BC'. 
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Piffrng thing do cit AB' lai K. Tii K ta ve KI song song vdi HF cit BC tai 
I. Ta co IK la difclng vuong goc chung cua AB’ v& BC'. Xet tam gidc 
vuong EFB' ta co: 


FH~ FE FB' 


+ 


3 


ij2 




l a tinh difdc KI = FH = 




Chu v. Khoang each giifa hai dirdng thing ch6o nhau AB' \k BC bing 
khoang each gitfa hai m$t phing song song (AB’D') vh (BDC) lan Ii/dt chtfa 

hai dufrng thing cheo nhau d6. Khodng edeh n&y bUng - dp ddi duftng 


cheo A’C. (Bai tap 5, §5) 

7. Cho hlnh chop S.ABCD co day la hinh thoi ABCD canh a c6 g6c BAD = 60° 

rz 

vit SA = SB = SD = — • 


a) Tinh khoang c£ch lijf S den mat phing (ABCD) vi dp d&i canh SC. 

b) Chtfng minh mat phing (SAC) vuong g6c vdi mat phing (ABCD). 

c) Chufng minh SB vuong gdc vdi BC. 

d) Goi <p la goc gitfa hai mat phing (SBD) va (ABCD). Tinh tan<p. 


6jlAl 

a) Goi H IS hinh chieu vuong gdc cua S trdn mat phing (ABCD). 



Vay SC = ^- 
2 
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h) Ta c6 He AC, do d6 SH c (SAC). 

V) SHl(ABCD) nen (SAC) 1 (ABCD). 

■j 2 2 

c) Ta c6 SB 2 + BC 2 = — + a 2 = — = SC 2 . Vay tam gidc SBC vuong tai B 

4 4 

hay SB 1 BC. 

d) Ta c6 OH 1 BD vk OS ± BD n&n cp = SOH 14 g6c giCfa hai mat ph&ng 

(SBD) v4 (ABCD). Khi d6: tan <p = — = ~ = S. 

HO 6 a>/3 

CAU HOI TRAC NGHI£M CHl/C(NG III 

1. Trong c4c m?nh de sau dSy m^nh de n4o 14 dung ? 

(A) TO AB = 3AC ta suy ra BA = -3CA. 

(B) Tfir AB = -3AC ta suy ra CB - 2AC. 

(C) V) AB = -2AC + 5AD nen bon di£m A, B, C, D cilng thuOc mdt m4t ph^ng. 

(D) Neu AB = “BC thi B 14 trung di&n cua doan AC. 

r CfA lit: AB = -2AC + 5AD n6n A, B, C, D d6ng phlng. (Chon C). 

2. Tim menh de sai trong c4c m^nh de sau dSy: 

(A) VI NM + NP = 6 nen N 14 trung didm cfia doan MP. 

(B) Vil 14 trung diem cua doan AB nen tit mot diem O balk) tac6 01 = ^(oA + OB). 

(C) Ttr he thufc AB - 2AC - 8AD ta suy ra ba vectd AB, AC, AD dong ph&ng. 

(D) Vi AB + BC + CD + DA = 0 nfin b#n diem A, B, C, D cilng thu$c m0t 
m4t phlng. 

TW lit: Vi AB + BC + CD + DA = AA = 0 Iu6n dting vdi moi A, B, C, D. 
Chon (D). A D 

3. Trong c4c ket qu4 sau day, k£t qu4 n4o dtlng ? 

Cho hinh lap phtfcfng ABCD.EFGH c6 canh b&ng a. 

__ __ B 

Ta c6: AB.EG b&ng 

(A) a 2 ; (B)a 2 >/2; 

F G 
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(C)a 2 >/3; 

2 

ri/dlin: AB.EG = AB AC = AB.AC.cos45" = a.a\/2.-L = a 2 . Chon (A). * 

sfl 

% 

4. Trong cac menh dc sau day menh de nao la dung ? 

(A) Neu dirdng thing a vuong goc vdi dirdng thing h va dirdng thing b 
vuong g6c vdi dirdng thing c thi a vuong gdc vdi c. 

(B) Neu dirdng thing a vuong gdc vdi dirdng thing b va dirdng thing b song 
song vdi dirdng thing c thi a vuong gdc vdi c. 

(C) Cho ba dirdng thing a, b, c vuong gdc vdi nhau tdng doi mot. Neil cd 
mot dirdng thing d vuong gdc vdi a thi d song song vdi b hoac c. 

(D) Cho hai dirdng thing a va b song song vdi nhau. Mpt dirdng thing c 
vuong gdc vdi a thi c vuong gdc vdi moi dirdng thing nim trong mat 
phing (a, b). 

nCtJlrt: (A), (C), (D) sai. Chon (B). 

5. Ttrong cac menh de sau day hay tim menh de dung. 

(A) Hai mat phing phan biet chng vuong gdc vdi mpt mat phing thtf ba thi 
song song vdi nhau. 

(B) Neu hai mat phing vuong gdc vdi nhau thi moi dirdng thing thupc mat 
phing nay se vuong gdc vdi mat phing kia. 

(C) Hai mat phing (a) va (p) vuong gdc vdi nhau va cit nhau theo giao 
tuyen d. Vdi moi diem A thupc (a) va moi diem B thupc (P) thi ta cd 
dirdng thing AB vuong gdc vdi d. 

(D) ) Neu hai mat phing (a) va (p) deu vuong gdc vdi mat phing (y ) thi giao 

tuyen d cua (a) va (P) neu cd se vuong gdc vdi (y). 

lit: (A), (B), (C) sai. Chon (D). 

6. Him mpnh d£ sai trong cic mpnh d£ sau day: 

(A.) Hai dirdng thing a va b trong khong gian cd ede veetd chi phtfdng lan 
li/dt la u va v. Dieu kipn can va du de a va b chdo nhau la a va b 
khong cd dif*m chung va hai veetd u , v khong chng phiTdng. 

(B) Cho a, b la hai dirdng thing chdo nhau va vuong gdc vdi nhau. Dirdng 
vuong gdc chung cua a va b nim trong mat phing chtfa dirdng nay va 
vuong gdc vdi dirdng kia. 

C) Khong the cd mot hinh chop ttf giac S.ABCD nao cd hai mat ben (SAB) 
va (SCD) cting vuong gdc vdi mat phing ddy. 
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(D) Cho u, v li hai vectd chi phifdng cua hai difdng thing cit nhai nim 

trong mat phing (a) v& n I& vectd chi phifdng cua difdng thing A Bicu 
kipn can v& du de A ± (a) la n . 0 = 0 va n . v = 0. 

(A), (B), (D) dung. Chon (C). 

7. Trong c4c menh de sau day mpnh de nao la dung ? 

(A) Mpt difdng thing cit hai difdng thing cho trifdc thi ca ba difdng thing do 
cilng nim trong mpt mat phing. 

(B) M0t difdng thing cit hai difdng thing cil nhau cho trifdc thi ca ba difdng 
thing d6 ciing n£m trong m$t mat phing. 

(C) Ba difdng thing cit nhau tfifng d6i mpt thi cilng nim trong mot mat pling 

(D) Ba difdng thing cit nhau tirng doi mot va khdng nim trong mot mat 
phing thi dong quy. 

‘TtAlil: (A), (B), (C) sai. Chon (D). 

8. Trong cic menh de sau, mpnh de nio li dung ? 

(A) Hai difdng thing phan bipt ciing vuong g6c vdi mot mat phing thi song song. 

(B) Hai mat phing phan bipt cilng vuong g6c vdi mpt mat phing thi song song. 

(C) Hai dudng thing phan biet ding vuong goc vdi m6t dudng thing thi song song. 

(D) Hai difdng thing khong cit nhau va khong song song thi cheo nhai. 

1*1: (B), (C), (D) sai. Chpn (A). 

9 . Trong cic menh d£ sau, mpnh de nio li dung ? 

(A) Hai difdng thing phan bi$t cung song song vdi mpt mit phing til song 
song vdi nhau. 

(B) Hai mat phing phan bi§t cilng vudng gdc vdi mpt mat phing thi cit nhau. 

(C) Hai difdng thing phan bipt cilng vudng gdc vdi mpt difdng thing thi 
vudng gdc vdi nhau. 

(D) Mpt mit phing (a) vi mpt difdng thing a khdng thuoc (a) cung vuong 
gdc vdi difdng thing b thi (a) song song vdi a. 

rttAlM: (A), (B), (C) sai. Chpn (D). 

10 . Tim mdnh de dung trong cic mpnh de sau day. 

(A) Doan vuong gdc chung cua hai difdng thing chdo nhau li doai ngin 
nha't tiong cac doan thing no'i hai diem baft ki Ian lifdt nim lien hai 
difdng thing ay va ngifdc lai. 

(B) Qua mot diem cho trifdc co duy nha't mot mat phing vudng gdc 'di mpt 
mat phing cho trifdc. 
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(C) Qua mot diem cho trifdc co duy nhat mot difdng thing vuong g6c vdi 
mot difdng thing cho trifdc. 

(I)) Cho ha difdng thing a, h t c cheo nhau tifng doi m()t. Khi do ha difdng 
thing n&y se nim trong ha mat phing song song vdi nhau tifng doi mot. 


v_uyn \r\j. 


<T*<i lit: (QUOAD) 

11. Khoang each giufa hai canh doi cua mot tu 
nao tronp cac ket mi a sau dav: 


O 

ao trong cac ket qua sau day: 
3a a>/2 


(A) 


(B) 


tiir dien deu canh a b&ng ket qua 
(C)^; (D)a>/2. 


lit: Xem hai tap 8 muc §5 chifdng III. Chon (B). 


BAI TAP ON TAP CUOI NAM 

• • 


1. Trong m3t ph^ng toa do Oxy, cho cac diem A(l; 1), B(0; 3), C(2; 4). Xac 
djnh anh cua lam gidc ABC qua ede phep bien hinh sau: 

a) Phdptinh tien thco veetd v = (2; 1). 

b) Phdpdoi xtfng qua true Ox. 

c) Phdpdoi xtfng qua tarn 1(2; 1) 


d) Phdp quay tarn O g6c 90°. 

c) Phdp dong dang co di/dc b&ng each thi/c hien lien tiep phdp doi xtfng qua 
true Oy vd phdp vj ttf t&m O ti so k = -2. 

Cjial 

Goi tarn gidc A'B'C' Id dnh cua tarn gidc ABC qua cic phep bien hinh tren. 


a) Bieu thufc toa dp \ 



= 2 + x 

= i+y 


Anh cua A, B, C qua T- lan li/dt Id A’(3; 2), B'(2; 4), C'(4; 5). 

V 


b) Bieu thufc toa dp < 



y 


Ml;-!), B’(0; -3), C’(2; -4). 

x' = 4-x 
‘y' = 2-y 

A’(3; 1). B’(4; -1), C*(2; -2). 


c) Bieu thufc toa do 
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d) Ve hinh ta difpc A'(-l; 1), B'(-3; 0), C’(-4; 2). 

e) Ve hinh ta difdc A'(2; -2), B'(0; -6), C’(4; -8). 

2. Cho tarn giic ABC noi ti£p difdng tr6n tam O. Goi Gva H lifting tfng 14 trpng 
tarn v4 trifc tam cua lam giic, cic diem A', B\ C' lan lifpt 14 trung dit?m cua 
cic canh BC, CA, AB. 

a) Tim phdp vi tir F bien A, B, C lifting tfng th4nh A', B', C’. 

b) ChuTng minh ring O, G, H thing h4ng. 

c) Tim anh cua O qua phdp vi tif F. 

d) Goi A", B”, C" lan lifpt 14 trung diem cua cic doan thing AH, BH, CH; 
ApBj, C, theo thur tif 14 giao diem thur hai cua cic tia AH, BH, CH vdi 

difdng tr6n (O); A', B' r C' lifting tfng la chan cac difdng cao di qua A, B, 


C. Tim anh cua A, B, C, A,, B,, C, qua phdp vj tif tam H li so 


e) ChuTng minh chin diem A\ B\ C. A", B”, C M , A\, Bj.c; cOng thupc mot 
difdng trdn (difdng tr6n niy goi la difdng trdn O-lc cua tam giic ABC). 

•Hkefng 

a) F la phep vj tif tam G, ti so 

b) D£ ^ ring O 14 trifc tim cua tam gidc A'B'C’. 

c) F(O) = O, 14 trung di£m cua OH. 

d) Anh cua A, B, C, A,, B,, C, qua phdp vi tif tSm H it so ~ tifdng dng 14 

a", b", c", a;,b;,c;. 

e) Chtfng minh A", B'\ C", Aj, B'.CJ cOng thu$c difdng trdn (O,). Sau d6 
chtfng minh A', B\ C' cung thu0c difdng trdn (O,). Ching han, chtfng 
minh 0,A' =0,A'. 


3. Cho hlnh chdp S.ABCD c6 diy ABCD 14 hlnh thang vdi AB 14 diy Idn. Gpi 
M 14 trung di<?m cua doan AB, E 14 giao diem cua hai canh bdn eda hlnh 
thang ABCD v4 G 14 trpng tam cua tam giic ECD. 

a) Chtfng minh ring bd'n di£m S, E, M, G edng thupc m0t m4t phing (a) v4 
m4t phing n4y cit dt hai m4t phing (SAC) v4 (SBD) theo edng m0t giao 
tuyen d. 

b) X4c djnh giao tuyen cua hai m4t phing (SAD) va (SBC). 

c) Lay mpt diem K Iren doan SE v4 gpi C* = SC n KB, D' = SD nKA. 
Chifng minh ring giao diem cua AC' va BD' thupc difdng thing d ndi iren. 



Cjlal 

a) Gpi N la giao diem cua EM va CD 

Vi M la trung diem cua AB nen 
N la irung diem cua CD (do 
ABCD lit hinh thang) 

EN di qua G 

:=>S.E.M.G € (a) = (SEM). 

Gpi O la giao diem cua AC va BD. 
Taco (a)o(SAC) = SO 
va (a)n(SBD) = SO = d 

b) i Ta co (SAD) n (SBC) = SE. 

c) , Goi O' = AC' n BD'. 

Ta c6 AC' c (SAC), BD' c (SBD) 

=> O'e SO = d = (SAC)rv(SBD). 


S 



E 


4. C ho hinh I3ng tru tuT giac ABCD.A'B'C'D' co 
E., F, M va N lan Itfpt la trung diem cua AC, 

B D. AC' va BD'. Chufng minh MN = EF. 

Cjlal 

T’tfgiac ACC'A’ lit hinh binh h&nh nen AC' 
via A'C c^l nhau tai trung diem M cua moi 
durdng. Ttfcfng tif BD' vit B'D c<(t nhau tai 
trung diem N cua moi ditftng. 

Ta cd: 

ME//CC' 

ME = ^CC' (ME 1& difdng trung binh cua tarn gidc ACC'). 

T ifdng ti/, trong tarn gidc DBB’, ta c6: 

NF//BB' 

NF= -BB'. 

2 

T tf giac MNFE li hinh btnh hanh nen MN = EF. 



GBT HtHHHQC If 91 









5. Cho hinh lap phifdng ABCD.A'B'C'D' co E va F lan liAlt la trung diem cua 
ede canh AB vd DD'. Hay xdc dinh ede thiet di<?n cua hinh lap phi/Ong cdt 
bdi ede mdt piling (EFB), (EFC), (EFC') vd (EFK) vdi K Id trung diem cua 
canh B'C'. 

tfbSl 

Goi Id hinh lap phtfdng. 

(EFB) n f /= ABIF vdi FI // AB (hinh a) 

(EFC) n V- ECFH vdi CF // EH (hinh b). 

(EFC) n r / = EMC'FL vdi EM // FC' vd FL // CM (hinh c) 

Goi E' Id hinh chidu vuong goc cua E tren mat phing (A'B'C'D). 

Goi N = EF n E’D\ P = NK n CD'. Ve ER // KP, EQ // FP, ta cd thiet dien 
Id hinh luc gidc deu ERFPKQ (hinh d) 
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6. Cho hinh lap phifdng ABCD.A'B'C'D' c6 canh bang a. 

a) 1 lay xac djnh dtfdng vuong goc chung cua hai dtrting thilng cheo nhau BD' 

v4 BC. 

b) Tinh khoang each cua hai dtfdng thing BD' va B'C. 

Cjlal 

B'C 1 BC' 1 

a) Taco B'C 1 (D'C’B). 

B'C 1 D C j 

Goi 1 la tarn hinh vuong BCCB’. 

Trong mat phing (BCD') ve IK _L BD' lai K. 

Ta c6 IK la di/dng vuong gtic chung cua BD' va B'C. 

b) Goi O la trung diem cua BD'. 



r 


7. Cho hinh thang ABCD vuong lai A va B, c6 AD = 2a. AB = BC = a. Tren tia Ax 
vuong goc vdi mat piling (ABCD) lay mot diem S. Goi C', D' lan Iifdt la 
hinh chieu vuong g6c cua A tren SC va SD. Chrtng minh ring: 

a) SBC = SCD = 90". 

b) AD'. AC' va AB ciing nim tren m&t mat piling. 

c) Chufng minh ring dtlffng thing C'D’ luon luon di qua mot diem co dinh khi 
S di dong tren tia Ax. 

tftil 

BC 1 AB 

a) Ta co => BC 1 (SAB) 

[BC 1 SA 

=> BC 1 SB => SBC =90°. 
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Goi K 14 trung diem cua AD ta 

cd CK = AB = — AD nen tarn 
2 

gi4c ACD vuong tai C. 
fCDXAC 

Ta cd => CD 1 (SAC) 

[CD ISA 

=> CD 1 SC => SCD = 90" 

b) Trong m4l phing (SAC) ve AC' 1 SC va 
trong mat phing (SAD) vc AD' 1 SD. 

Ta co AC' 1 CD (vl CD 1 (SAC)) 

v4 AC' 1 SC nen suy ra AC' ± (SCD) 

=* AC' 1 SD. 

Talaicd AB 1 AD va AB1SA 

nen AB 1 (SAD) => AB 1 SD. 

Ba dtfdng thing AD', AC' v4 AB cung di qua di(?m A v4 vu6ng oc vdi 
SD n£n cOng nim trong mat phing (a) qua A v4 vuong gdc vdi SD 

c) Ta cd C'D’ 14 giao tuyen cua (a) vdi mat phing (SCD). Do dd hi S di 
dpng trCn tia Ax thi C’D' luon Iu6n di qua di(?m I co djnh 14 giao dtrru cua 
AB v4 CD. A 

(AB c (a), CD c (SCD) => I e (a) n (SCD) = C'D’). 
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Mgc LUC 


CK/ffUtBi Pt)6p dot htnb va phep dong dfng trong nit ph^ng 

§>1 Phep bien hinh.5 

§?2. Phep tinh tien.5 

§?3 Phep doi ximg trgc.7 

§?4. Phep doi xOng tarn.10 

§j5. Phep quay.11 

§i6 Khdi ni$m ve phdp ddi hinh vl hai hinh blng nhau.13 

%7 Phep vi tp.15 

§j8 Ph^p dong dang.17 

Bdi tap on tap chudng 1.19 

Cau hoi trie nghi|m chudng 1.22 

CM0JNGI Duong thing va mfit phlng trong kiting gian. Qoan h$ song song 

§1 Dai cudng ve dudng thing vd mat phlng .25 

§2 Hai dudng thing cheo nhau va hai dudng thing song song.32 

§3 Dudng thing va mat phlng song song .35 

§*4 Hai mat phlng song song.39 

Bdi t|p 6n tap chudng II.45 

Cau hoi trie nghipm chudng II.47 

CKtMMGH Vocto trong kiting gian. Qoan M wing goc trong kiting glan 

§1 Vectd trong kh6ng gian.51 

^2 Hai dudng thing vudng gdc.57 

§3 Dudng thing vudng goc vdi mat phlng.62 

§4 Hai mat phlng vuong goc.68 

§5 Khoang each.76 

Bai tap 6n tap chudng III.81 

Cau hoi trie nghi|m chudng III.86 

Bai tap 6n tap cu6i nam .89 
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